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Abstrat
In part I we study quantum modied photon trajetories in a Shwarzshild
blakhole spaetime. The photon vauum polarization eet in urved spae-
time leads to birefringene, i.e. the photon veloity beomes c±δc depending
on its polarization. This veloity shift then results in modied photon tra-
jetories.
We nd that photon trajetories are shifted by equal and opposite amounts
for the two photon polarizations, as expeted by the sum rule [5℄. Therefore,
the ritial irular orbit at u = 1/3M in Shwarzshild spaetime, is split
depending on polarization as u = 1/3M±Aδ(M) (to rst order in A), where
A is a onstant found to be ∼ 10−32 for a solar mass blakhole. Then using
general quantum modied trajetory equations we nd that photons pro-
jeted into the blakhole for a ritial impat parameter tend to the ritial
orbit assoiated with that polarization. We then use an impat parameter
that is lower than the ritial one. In this ase the photons tend to the event
horizon in oordinate time, and aording to the ane parameter the pho-
tons fall into the singularity. This means even with the quantum orretions
the event horizon behaves in the lassi way, as expeted from the horizon
theorem [5℄.
We also onstrut a quantum modied Shwarzshild metri, whih en-
i
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ompasses the quantum polarization orretions. This is then used to derive
the photons general quantum modied equations of motion, as before. We
also show that when this modied metri is used with wave vetors for radi-
ally projeted photons we obtain the lassi equations of motion, as expeted,
beause radial veloities are not modied by the quantum polarization or-
retion.
In Part II we use the 2+1d NambuJona-Lasino (NJL) model to study the
superuid behaviour of two-dimensional quark matter. In previous work,
[12℄, it was suggested that the high density phase of the 2+1d NJL model
ould be a relativisti gapless thin lm BCS superuid. In this work we nd
that as we raise the baryon hemial potential (µ) the baryon superurrent
jumps from a non-superuid (zero) phase to a superuid (non-zero) phase.
This sharp transition is seen to our in the region 0.65 < µc < 0.68, whih
was shown in [12℄ to be the region of hiral symmetry restoration. In this
analysis we prove that at high density the 2+1d NJL model is in a superuid
phase.
We then go on to study the dynamis of the superuid phase, represented
by the heliity modulus (Υ ), whih is the onstant of proportionality between
the superurrent and the gradient of the diquark state funtion. We nd that
below the temperature assoiated with lattie size Lt = 4, the system is in a
non-superuid phase, and above Lt = 24 the system is in a superuid phase.
We also nd a possible 2nd order transition at Lt ≈ 6, whih orresponds
to the ritial point as desribed by Kosterlitz and Thouless' theory of 2D
ritial systems with U(1) global symmetry - suh as the XY model.
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Prefae
In this work we will be dealing with quantum partiles under extreme ondi-
tions. This will inlude the study of quantum modied photon trajetories in
a highly urved bakground spaetime (Shwarzshild blakhole spaetime)
and high density quark matter in two dimensional lms.
Part 1: QuantumModied Null Trajetories in Shwarzshild Spae-
time
In this part we will be studying the quantum modiations to null geodesis
in Shwarzshild spaetime, in partiular the modiations to the ritial
stable orbit. In Chapter 1 we will give an introdution to the the vauum
polarization eet that leads to the modiation of photon trajetories in
general relativity. In Chapter 2 we will give an introdution to the derivation
of the orbit equation in Shwarzshild spaetime, inluding the tehniques
involved in solving it and the interpretation of results, i.e. for ritial stable
orbits and trajetories to the singularity. In Chapter 3 we will then provide
an introdution to the tehniques of geometri optis, i.e. the derivation of
the light-one and geodesi equation from Maxwell's equations of motion in
urved spaetime (with and without the quantum orretions). We will also
give a brief overview of previous theories assoiated with quantum modied
vi
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null geodesis, suh as the horizon theorem and the polarization sum rule. In
Chapter 4 we will go onto using theses tehniques in order to determine the
quantum modied ritial irular orbits, and the hanges in the assoiated
ritial impat parameters. These nding will then be extended, by deriving a
general quantum modied equation of motion. Using this, with the modied
impat parameters, we will study the modiations to general null geodesis
as they tend to the ritial stable orbits. Also, using the quantum modied
general equation of motion, we will show that a general geodesi aimed into
the blak hole behaves in the lassial way around the event horizon, as
desribed by the horizon theorem. In Chapter 5 we will enompass these
results into a quantum modied Shwarzshild metri.
Part 2: Study of the 2+1d NJL Gapless Superuid
In this part we will be studying high density quark matter in two dimensional
lms using the 2+1d Nambu-Jona-Lasino (NJL) model, in partiular to iso-
late a ritial gapless BCS superuid phase, whih was suspeted to exist in
[12℄. In Chapter 7 we will set the sene for this work by giving an overview
of quantum hromodynamis, its symmetries and aspets of its phase dia-
gram. In Chapter 8 we will give a brief introdution to the NJL model; then
we will go on to disuss the tehniques and results of the previous simula-
tions of the NJL model, given in 2+1d [12℄, i.e. simulation of the diquark
ondensate through the introdution of diquark soures, and the evidene of
hiral symmetry restoration and the non-zero baryon density. In Chapter 9
we will extend the baryon density to a baryon three urrent by the use of
Ward identities, these are then implemented into the simulation. We also
PREFACE viii
introdue a spatially varying diquark soure, referred to as a twisted soure.
In this way a gradient in the diquark pair wave funtion is introdued, whih
fores a ow of the baryon urrent, whih will then be measured. We will
then explore the behaviour of the 3-urrent (using the heliity modules, Υ,
Se. 9.2) with variations in spatial volume, temperature, and variations in
the diquark soure, in order to isolate the superuid (and non-superuid)
state of the 2+1d NJL model. In Chapter 10 we will study the variation
of the heliity modulus with temperature; whih will be done in order to
determine the ritial point of the system, i.e. the point where vortex and
antivortex pairs ome together to form the superuid phase (as predited in
the ondensed matter study of 2 dimensional systems, e.g. the XY model).
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Part I
Quantum Modied Null
Trajetories in Shwarzshild
Spaetime
1
Chapter 1
Introdution
1.1 General Relativity
Sine the birth of speial relativity, in 1905, the nature of spae and time has
been demoted to a relative entity, known as spaetime, whih is strethed and
ontrated depending on an observer's frame of referene, while the speed of
light, c, has taken the pedestal of an absolute and universal speed limit,
unaeted by any transformation of referene frame. From this emerged a
generalized theory of relativity, whih portrayed the gravitational eld in a
new and revolutionary way: where it didn't depend on a propagating eld
but on the nature of spaetime itself. In this view matter (or energy) is
said to urve and modify the surrounding spaetime, this then results in
photons and partiles traing out shortest paths between two points, known
as geodesis. Therefore, gravitational fores beome a manifestation of the
urved spaetime due to the presene of matter [4, 3℄. In this general rela-
tivisti framework spaetime is desribed by the metri gµν and the motion
2
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of partiles are desribed by the interval equation:
k2 = gµνk
µkν ⇒
> 0 Time-like (c < 1)
= 0 Light-like (c = 0)
< 0 Spae-like (c > 1)
(1.1)
where kµ = dx
µ
dτ
1
. For at spaetime or a loal inertial frame (LIF), where
gµν is replaed by the diagonal Minkowski metri ηµν = (1,−1,−1,−1), the
interval equation beomes:
k2 = ηµνk
µkν =
dt
dτ
2
− dx
dτ
2
− dy
dτ
2
− dz
dτ
2
(1.2)
for c = 1. Apart from resolving the problems assoiated with Newtonian me-
hanis, suh as desribing the perihelion advane of Merury, the strongest
aspet of general relativity was its preditive power. One of its most radial
laims, and the building bloks of the theory itself, was that gravitational
elds aet radiation, whih was then onrmed through the observation
of starlight deetion by the sun. From this emerged some profound and
fantasti possibilities suh as blak holes and gravitational lensing. The
gravitational eet on light rays also leads to the possibility that photons
ould follow stable orbits around stars (disussed in hapter 2), and it's this
possibility in whih we will be interested.
1.2 QED in a Curved Spaetime
Even though photon trajetories are modied in a urved spaetime, and the
resulting urved paths are desribed by general relativity, this bending of
light was, for a long time, onsidered to have no eet on the veloity of the
photon. This view shifted slightly when, in 1980, Drummond and Hathrell[1℄
1
For photons this beomes kµ = dx
µ
dλ
, written in terms of the ane parameter λ
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Figure 1.1: First order, α, vauum polarization Feynman diagram ontribut-
ing to the photon propagator
proposed that a photon propagating in a urved spaetime may, depending on
its diretion and polarization, travel with a veloity that exeeds the normal
speed of light c. This hange in veloity would then result in trajetories
other then the ones desribed by "lassial" general relativity. This eet is
simply desribed as a modiation of the light one in a LIF:
k2 = ηµνk
µkν = 0 → (ηµν + ασµν(R))kµkν (1.3)
Where α is the ne struture onstant and σµν(R) is a modiation to the
metri that depends on the Riemann urvature at the origin of the LIF. This
orretion is seen to arise from photon vauum polarizations in a urved
spae time, Fig. 1.1. Qualitatively it an be thought of as a photon splitting
into a virtual e+e− pair, so at the quantum level it is haraterized by the
Compton wavelength λc; then, when this quantum loud of size O(λc) passes
through a urved spaetime its motion would be aeted dierently to that
desribed by general relativity, possibly in a polarization-dependent way [5℄.
This eet of vauum polarization is onsidered through the eetive
ation:
S = S1 + S2 (1.4)
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where S1 is the Maxwell eletromagneti ation in urved spae time:
S1 = −1
4
∫
d4x
√−gFµνF µν
Fµν = ∂µAν − ∂νAµ (1.5)
and S2 is the part of the ation that inorporates the eets of virtual eletron
loops in a bakground gravitational eld. As we are only onerned with
the propagation of individual photons it must be quadrati in Aµ, and the
onstraint of gauge invariane then implies that it must depend on Fµν rather
than Aµ. Also, as the virtual loops give the photon a size of λc, S2 an be
expanded in powers of λ2c = m
−2
, thus the lowest term in the expansion
would be of order m−2, whih is the term orresponding to one eletron loop.
With these onstraints there are only four independent gauge invariant terms,
whih an be hosen to be:
S2 =
1
m2
∫
d4x
√−g(aRFµνF µν + bRµνF µσF νσ
+ cRµνστF
µνF στ + dDµF
µνDσF
σ
ν ) (1.6)
The rst three terms represent a diret oupling of the eletromagneti eld
to the urvature, and they vanish in at-spaetime. The fourth, however,
is also appliable in the ase of at-spaetime, and represents o-mass-shell
eets in the vauum polarization. In [1℄ the values for a, b, c, and d have
been determined to O(e2). The onstant d is obtained by omparing the
oeient of the renormalized at-spaetime photon propagator assoiated
with the Feynman diagram in Fig. 1.1
2
to the result of the same order given
2
The photon propogator with the vauum polarization in at-spaetime is given (in the
Feynman gauge) by:
ηµν
q2
→ ηµν
q2
+ 1
q4
Iµν , where Iµν = (ηµνq
2 − qµqν)(1 − e260pi2 q
2
m2e
+ . . .)
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by the eetive ation S; and a, b, and c are obtained by omparing the
oeients of the oupling of a graviton to two photons
3
to the same result
obtained from S2. In this way the onstants are given as:
a = − 5
720
α
π
b =
26
720
α
π
c = − 2
720
α
π
d = − 24
720
α
π
(1.7)
Then, as the equations of motion for the eletromagneti eld are given by:
δS
δAµ(x)
= 0 (1.8)
using the modied ation (1.4) we nd:
DµF
µν +
δS2
δAµ
= 0 (1.9)
From this we an see that DµF
µν
is of O(e2), therefore, the term with oef-
ient d in Eqn. (1.6) will be of O(e4), hene we an omit it from the nal
equation of motion. In this way we nd [7℄:
DµF
µν − 1
m2e
[2bRµλD
µF λν + 4cgντRµτλρD
µF λρ] = 0 (1.10)
whih is the Maxwell equation in urved spaetime, inorporating the ou-
pling of urvature with vauum polarization eets. Using this modied
Maxwell equation and the methods of geometri optis (desribed in Chap-
ter 3) it is possible to derive the quantum modied light one and geodesi
equations. Then, using these, we are able to determine the quantum modied
trajetories in urved spaetime.
3
Dedued from the matrix element < γ(q2, β)T
µνγ(q1, α) >, where T
µν
is the energy
momentum tensor, [1℄
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1.3 The Equivalene Priniple and Causality
The equivalene priniple exists in two forms: weak and strong. The weak
equivalene priniple states that at eah point in spaetime there exists a loal
Minkowski frame, whih is a fundamental requirement of general relativity
4
.
The strong equivalene priniple (SEP), on the other hand, states that the
laws of physis are the same in all LIFs at dierent points in spaetime,
and at the origin of eah LIF they take the speial relativisti form. Then
the oupling of urvature to the eletromagneti eld in the eetive ation,
Eqn. (1.4), is a violation of the SEP. Due too this violation of the SEP, QED
in urved spaetime remains a ausal theory - despite the modiation to the
physial light one.
This an be seen more learly by onsidering Global Lorentz invariane
5
(GLI), whih is the speial relativisti equivalent of the SEP. In speial rela-
tivity GLI states that faster than light signals automatially imply the pos-
sibility of unaeptable losed-time-loops, Fig. 1.2. That is, if you an send
a signal bakwards in time in one frame, then it should be possible in any
frame. However, if you break this GLI, a signal bakwards in time in one
frame does not automatially imply you an send a signal bakwards in time
from any frame. Therefore, in the ase of QED in urved spaetime, due to
the breakdown of the SEP we retain the fundamental property of ausality:
faster than light signals an be seen to go bakwards in time in a ertain
frame, but this no longer implies that you an send a signal bakwards in
4
This implies that general relativity is formulated on a Riemannian manifold
5
Global Lorentz invariane states that the laws of physis are the same in all inertial
frames.
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Figure 1.2: An unaeptable losed-time-loop.
time from any frame. Thus, in this ase, spaelike motion does not neessarily
imply a ausality violation
6
.
1.4 Critial Stable Orbits
One of the simplest urved spaetimes is the (Rii-at) Shwarzshild spae-
time, whih desribes the spherially symmetri geometry outside a star. The
geometry of suh a spaetime struture is given by the line interval:
ds2 = (1− 2M
r
)dt2 − (1− 2M
r
)−1dr2 − r2dθ2 − (r2 sin2 θ)dφ2 (1.11)
In this spaetime the equations of motion, derived for k2 = 0, have a speial
solution for null geodesis. This solution desribes a light ray in a irular
6
Further disussion of ausality is given in [10℄
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orbit with a radius r = 3M and an assoiated ritial impat parameter.
Therefore, a photon projeted from r →∞ with the ritial parameter tends
to the stable irular orbit by spiralling around it. But, in the ontext of
vauum polarization eets, we may derive the null equation of motion us-
ing the quantum modied Maxwell equation. In this way the orbit equation
should give us stable irular orbits that are dependent on the photon polar-
ization, i.e. splitting the irular orbit depending on polarization. Therefore,
a photon oming in from r →∞, with a partiular polarization and impat
parameter, should tend to its assoiated ritial stable orbit by spiralling
around it in the lassi way.
Chapter 2
Null Dynamis in Shwarzshild
Spaetime
In this hapter we will give a brief overview of null dynamis in Shwarzshild
spaetime. Starting with the geodesi equations and the line interval for pho-
tons we will derive the orbit equation, whih will then be used to determine
the ritial stable orbit for photons and the assoiated impat parameter.
We will then go on to show that dereasing the impat parameter, from the
ritial value, auses the photon trajetory, given as a funtion of φ, to spiral
into the singularity, but as a funtion of t it tends to the event horizon. The
main aim of this hapter is to familiarise ourselves with the lassial solutions
of photon trajetories in Shwarzshild spaetime, so we an then ompare
the equivalent results for the quantum modied ase.
2.1 Equations of Motion
When we onsider motion in a plane, where θ = π
2
and θ˙ = θ¨ = 0, the
geodesi equations for Shwarzshild spaetime, (A.10)-(A.13), an written
10
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as:
(1− 2M
r
)t¨+
2M
r2
r˙t˙ = 0 (2.1)
M
r2
t˙2 − rφ˙2 + (1− 2M
r
)−1r¨ − M
r2
(1− 2M
r
)−2r˙2 = 0 (2.2)
2rr˙φ˙+ r2φ¨ = 0 (2.3)
And the spaetime line interval beomes:
(1− 2M
r
)t˙2 − (1− 2M
r
)−1r˙2 − r2φ˙2 = K (2.4)
where K = 0 for photons and ±1 for spae-like or time-like motion. Now,
to derive the orbit equation
du
dφ
we use Eqns. (2.1), (2.3) and the interval
equation (2.4), in the simplied form:
0 = t¨ +
2M
r2
(1− 2M
r
)−1r˙t˙ (2.5)
0 = φ¨+
2r˙
r
φ˙ (2.6)
K(1− 2M
r
) = −r˙2 + (1− 2M
r
)2t˙2 − r2(1− 2M
r
)φ˙2 (2.7)
In order to speify photon trajetories we an set K = 0 at anytime, however,
then τ would be interpreted as an ane parameter and not proper time. To
proeed we divide (2.5) by
dt
dτ
and (2.6) by
dφ
dτ
:
0 =
t¨
t˙
+
2M
r2
(1− 2M
r
)−1r˙ (2.8)
0 =
φ¨
φ˙
+
2r˙
r
(2.9)
These an written as:
0 =
d
dτ
(ln t˙+ ln(1− 2M
r
)) (2.10)
0 =
d
dτ
(ln φ˙+
2r˙
r
) (2.11)
CHAPTER 2. NULL DYNAMICS IN SCHWARZSCHILD SPACETIME 12
Then, solving these we have:
t˙ = (1− 2M
r
)−1E (2.12)
φ˙ =
J
r2
(2.13)
Where E and J are onstants of integration denoting total energy and an-
gular momentum about an axis normal to the plane θ = π/2. Now, using
Eqns. (2.12) and (2.13) to substitute for t˙ and φ˙ in Eqn (2.7) and rearranging,
we have:
r˙2 + r2(1− 2M
r
)
J2
r4
+K(1− 2M
r
) = (1− 2M
r
)2(1− 2M
r
)−1E2 (2.14)
Rearranging and simplifying, this beomes:
(
dr
dτ
)2 + (1− 2M
r
)(K +
J2
r2
) = E2 (2.15)
(
dr
dτ
) = E[1− (1− 2M
r
)(
K
E2
+
J2
E2r2
)]
1
2
(2.16)
We now have the omponents of the four momentum P α in spherial polar
oordinates
P α = (t˙, r˙, θ˙, φ˙)
= E(F−1, [1− F (K
E2
+
D2
r2
)]
1
2 , 0,
D
r2
) (2.17)
where D = J
E
is the impat parameter, F = (1− 2M
r
) and K = 0 for photons
and K = +1 for partiles.
2.1.1 Orbit Equation
In order to derive orbit equations that are physially understandable we need
to represent them as r(φ), r(t) and φ(t). In this form we an analyse the
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orbit paths as a funtion of rotational angle φ and the time taken to reah a
ertain point along the angle. Therefore, by using
dr
dτ
=
dr
dφ
· dφ
dτ
=
dr
dφ
J
r2
(2.18)
we an rewrite (2.15) as
E2 = (
dr
dφ
)2
J2
r4
+ (1− 2M
r
)(K +
J2
r2
)
⇒ (dr
dφ
)2 = (E2 −K) r
4
J2
+ 2MK
r3
J2
− r2 + 2Mr (2.19)
Now, transforming u = r−1, so at r =∞ we have u = 0, Eqn. (2.19) beomes:
(
du
dφ
)2r4 = (E2 −K) r
4
J2
+ 2MK
r3
J2
− r2 + 2Mr
(
du
dφ
)2 =
(E2 −K)
J2
+ 2MK
u
J2
− u2 + 2Mu3 (2.20)
Doing similar manipulation for φ(t) we have
dφ
dt
=
dφ
dτ
· dτ
dt
(2.21)
and using Eqns. (2.12) and (2.13) in this, and transforming u = 1
r
, we have:
dφ
dt
=
D
r2
(1− 2M
r
) = Du2(1− 2Mu) (2.22)
Finally, we an determine u(t) by inserting:
du
dφ
=
du
dt
· dt
dφ
=
du
dt
[Du2(1− 2Mu)]−1 (2.23)
into Eqn. (2.20), whih gives
(
du
dt
)2 = [Du2(1− 2Mu)]2[ (E
2 −K)
J2
+ 2MK
u
J2
− u2 + 2Mu3] (2.24)
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Now, the Eqns. (2.20), (2.22) and (2.24) are the general equations that de-
termine photon and partile trajetories in the plane θ = π/2. If we take
K = 0 we then have the required photon trajetory equations
(
du
dφ
)2 =
1
D2
− u2 + 2Mu3 = f(u) (2.25)
(
du
dt
)2 = [Du2(1− 2Mu)]2[ 1
D2
− u2 + 2Mu3]
= [Du2(1− 2Mu)]2f(u) (2.26)
We an also write another equation, speially for null radial geodesis. By
using the fat that φ˙ = 0, Eqn. (2.13) implies J = 0, then Eqns (2.12) and
(2.15) beome
(1− 2M
r
)
dt
dτ
= E (2.27)
dr
dτ
= ±E (2.28)
Combining these we have:
dr
dt
= ±(1− 2M
r
) (2.29)
2.2 Orbits in Shwarzshild Spaetime
We will now disuss the solutions of Eqns. (2.25), (2.26) and (2.29). We will
start o with the simple ase of the radial geodesi and then go onto the ase
of the general orbits. For the general ase we will solve (2.25) and (2.26)
to determine the ritial stable orbits and the assoiated impat parameters.
We will then go on to study the trajetories of photons as they fall into the
singularity
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Figure 2.1: Radial Null geodesis take an innite oordinate time to reah
the event horizon at 2M
2.2.1 Null Radial Geodesi
Eqn. (2.29) an be solved by rewriting it as:
dt
dr
= ±(1− 2M
r
)−1 (2.30)
⇒ t = ±(r + 2M log( r
2M
− 1)) + constant± (2.31)
This solution (speially the − one) gives the trajetory of a photon oming
from innity and into the blak hole. It shows that the photon takes an
innite oordinate time to reah the horizon, whih an be seen in Fig. 2.1.
However, if we solve Eqn. (2.28), i.e. in terms of the ane parameter, we
an show that the photon reahes and rosses the event horizon without ever
notiing it,
r = ±Eτ + constant± (2.32)
this an be seen in Fig. 2.2
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Figure 2.2: Radial Null geodesis reah and ross the event horizon at 2M
without notiing it when dened with the ane parameter
2.2.2 General Null Geodesis and Critial Orbits
We will rst solve Eqn. (2.25) in order to determine the the ritial stable
photon orbits. In order to do this we rst onsider the point of equilibrium
and the assoiated impat parameter. This equilibrium point ours when
du
dφ
= 0 (2.33)
whih means as the photon is orbiting the blak hole u does not hange; so
if the radial distane does not hange it implies a irular orbit. Therefore
we must solve
f(u) =
1
D2
− u2 + 2Mu3 = 0 (2.34)
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The sum and produt of the roots u1, u2, and u3 of this equation are given
by
1
u1 + u2 + u3 =
1
2M
and u1u2u3 = − 1
2MD2
(2.35)
This shows that f(u) = 0 must have a real negative root, and the two
remaining roots an be real (distint or oinident) or be a omplex onjugate
pair; however, the ourrene of oinident positive real roots implies the
existene of a irular orbit. Thus, if a oinident root ours it should be at
the point given by the derivative of f(u)
f ′(u) = 6Mu2 − 2u = 0 (2.36)
Whih then has the solution u1 = u2 = (3M)
−1
. For this solution the impat
parameter of equation (2.34) is D = (3
√
3)M . From the produt ondition,
equation (2.35), we nd that the roots of f(u) = 0 are
u1 = u2 =
1
3M
and u3 = − 1
6M
and D = (3
√
3)M (2.37)
Therefore, when the impat parameter is D = (3
√
3)M then du
dφ
vanishes for
u = (3M)−1, whih implies a irular orbit of radius 3M is an allowed null
geodesi [2℄.
Now we an onsider a photon at u = 0 with an impat parameter D =
(3
√
3)M . This, then, gives a trajetory of a photon spiralling in and tending
to the ritial orbit at u = (3M)−1. The general dierential equation for
this impat parameter is given by rearranging and substituting for D in
Eqn. (2.25)
(
du
dφ
)2 = 2M(u+
1
6M
)(u− 1
3M
)2 (2.38)
1
for au3 + bu2 + c = 0 we have u1 + u2 + u3 = − ba and u1u2u3 = − ca
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From [2℄ we have the solution to this as
u = − 1
6M
+
1
2M
tanh2
1
2
(φ− φ0) (2.39)
where φ0 is a onstant of integration, given by:
tanh2 (−1
2
φ0) =
1
3
, (2.40)
whih gives: u = 0 (r → ∞) when φ = 0, and u = 1
3M
when φ → ∞.
Therefore a null geodesi arriving from innity with an impat parameter
D = (3
√
3)M approahes the irle of radius 3M , asymptotially, by spi-
ralling around it, as an be seen in Fig. 2.3
2
. Also, numerially solving
Eqn (2.26) we an show that as time inreases u tends to 1
3M
, whih an be
seen in Fig. 2.4.
Finally we an show that when an impat parameter other than D =
(3
√
3)M is used, for example if we set D = (3
√
3)M − 0.1, the solution
of Eqn. (2.25) shows that the photon falls past the ritial orbit, through
the event horizon, and into the singularity, Fig. 2.5. Using this new impat
parameter in Eqn. (2.26) and, again solving numerially, we see that the
photon omes in from innity and tends to the event horizon, u = 1
2M
,
asymptotially in time t, Fig. 2.6.
2
This gure was plotted using Eqn (2.39). We also obtained the same plot by numeri-
ally solving Eqn (2.38) in Mathematia.
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Figure 2.3: Null geodesi, with impat parameter D = (3
√
3)M , arriving
from innity and approahing u = 1
3M
asymptotially (M=1/3)
Figure 2.4: For impat parameter D = (3
√
3)M a null trajetory tends to
u = 1
3M
asymptotially with time.
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Figure 2.5: Null geodesi, with impat perimeter D = (3
√
3)M −0.1, arrives
from innity and spirals into the singularity.
Figure 2.6: Null geodesi, with impat perimeter D = (3
√
3)M −0.1, arrives
from innity and tends to u = 1
2M
asymptotially in time t.
Chapter 3
Quantum Gravitational Optis
3.1 Photon Propagation in Curved Spaetime
Maxwell's equations, in urved spaetime,
0 = DµF
µν
(3.1)
0 = DµFνλ +DνFλµ +DλFµν (3.2)
⇒ Fµν = ∂µAν − ∂νAµ, (3.3)
annot be solved expliitly, and even in ases of extreme symmetry expliit
solutions are diult; this is due to the fat that as urved spae ats as
a dispersive material (i.e. bending light rays) plane wave solutions do not
exist.
3.1.1 Geometri Optis in Curved Spaetime
In dispersive materials, where light rays are bent, we an onsider the solution
of Maxwell's equations to be a simple perturbation of the plane wave solution.
For example in urved spae, relative to an observer, the eletromagneti
waves an appear to be plane and monohromati on a sale that is muh
21
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larger ompared to the typial wavelength, but very small ompared with
the typial radius of urvature of spae time. Suh "loally plane" waves an
be represented, in geometri optis, by approximate solutions of Maxwell's
equations of the form[6℄:
Fµν = Re(F µν1 + iεF µν2 + . . .)ei
θ
ε
(3.4)
and the eletromagneti eld vetor, dened by Eqn. (3.3), takes the form:
Aµ = Re(Aµ1 + iεAµ2 + . . .)ei
θ
ε
(3.5)
where the eletromagneti eld is written as a slowly-varying amplitude and a
rapidly-varying phase. The parameter ε is introdued in order to keep trak
of the relative order of magnitude of terms, so in urved spae Maxwell's
equations an be solved order-by-order in ε. In this formulation the wave
vetor is then dened as the gradient of the phase of the eld, kµ = Dµ
i
ε
θ =
∂µ
i
ε
θ, whih in terms of the quantum interpretation is identied as the photon
momentum. We an also write Aµ = Aaµ, where A represents the amplitude
and aµ (normalized as aµa
µ = −1) speies the wave polarization. These
vetors then satisfy the ondition kµa
µ = 0.
Geometri Optis and Null Dynamis
In this notation Eqn. (3.1) an be written, to leading order O(1
ε
), as:
∂µ(F
µν
1 e
i θ
ε ) = F µν1 e
i θ
ε (
i
ε
∂µθ)
⇒ kµF µν1 = 0 (3.6)
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and Eqn. (3.3) beomes:
F1µνe
i θ
ε = (∂µA1ν − ∂νA1µ)ei θε
=
i
ε
(∂µθA1ν − ∂νθA1µ)ei θε
⇒ F1µν = kµA1ν − kνA1µ (3.7)
Now, by ombining these, we have:
kµF
µν
1 = kµ(k
µAν1 − kνAµ1 ) = 0
= (kµk
µ)Aν1 − kν(kµAµ1)
⇒ k2aν = 0 (3.8)
and from this we an dedue that k2 = 0, i.e. kµ is a null vetor. Also, it
follows from the denition of kµ as a gradient that Dµkν = Dνkµ, so
kµDµk
ν = kµDνkµ =
1
2
Dνk2 = 0 (3.9)
Using this, and the fat that light rays are dened as the urves given by
xµ(s) where
dxµ
ds
= kµ, we an derive the geodesi equation as follows[7℄:
0 = kµDµk
ν
=
d2xν
ds2
+ Γνµλ
dxµ
ds
dxλ
ds
(3.10)
3.2 Quantum Modied Null Dynamis
As was seen in Se. 1.2, using the eetive ation, Eqn. (1.4), the equation
of motion beomes:
0 = DµF
µν − 1
m2
[2bRµλD
µF λν + 4cgντRµτλρD
µF λρ] (3.11)
and the Bianhi identity, Eqn. (3.2), remains unhanged. Now, as before we
an determine the quantum modied light one and geodesi equations.
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Quantum Modied Light Cone
Substituting Eqn. (3.4) in (3.11) we nd, again to O(1
ε
):
0 =
i
ε
(Dµθ)e
i θ
εF µν1 −
1
m2
[2bRµλ
i
ε
(Dµθ)ei
θ
εF λν1
+ 4cgντRµτλρ
i
ε
(Dµθ)ei
θ
εF λρ1 ]
⇒ 0 = kµF µν1 −
1
m2e
[2bRµλk
µF λν1 + 4cg
ντRµτλρk
µF λρ1 ] (3.12)
and using Eqn. (3.7) we have:
0 = kµ(k
µAν1 − kνAµ1 ) −
1
m2e
[2bRµλk
µ(kλAν1 − kνAλ1)
+ 4cgντRµτλρk
µ(kλAρ1 − kρAλ1)]
using kµA
µ = 0 this beomes:
0 = kµk
µAν1 −
1
m2e
[2bRµλk
µ(kλAν1 − kνAλ1)
+ 4cgντRµτλρk
µ(2kλAρ1)] (3.13)
where Aν1 = A1a
ν
, and the last line is simplied by relabeling of indies.
Now, Contrating with Aaν and eliminating A we have:
0 = −kµkµ + 2b
m2e
Rµλk
µkλ − 8c
m2e
Rµτλρk
µkλaτ1a
ρ
1
This then gives the quantum modied light one:
k2 − 2b
m2
Rµλk
µkλ − 8cα
m2e
Rµτλρk
µkλaτaρ = k2 − δk(a) = 0 (3.14)
where we have replaed the onstant c = − α
360π
with cα =
α
360π
for onveniene
of interpretation, i.e. the sign of the light one is immediately obvious from
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Rµτλρk
µkλaτaρ. As we will be working in the Shwarzshild spaetime the
quantum modied light one for the Rii at ase (Rµλ = 0) is given by:
k2 =
8cα
m2e
Rµτλρk
µkλaτaρ = δk(a) (3.15)
Here the sign of the light one depends on polarization and the photon tra-
jetory; if the orretion is positive we have spae-like motion, and if it's
negative we have time-like motion.
Quantum Modied Geodesi Equation
The photon trajetories orresponding to the quantum modied equation of
motion, (3.11), an be represented by a generalised version of Eqn. (3.9):
0 =
1
2
Dν [k
2 − 2b
m2
Rµλk
µkλ − 8cα
m2e
Rµτλρk
µkλaτaρ]
0 =
1
2
Dνk
2 − 1
m2
Dν [bRµλk
µkλ + 4cαRµτλρk
µkλaτaρ]
⇒ 0 = d
2xν
ds2
+ Γνµλ
dxµ
ds
dxλ
ds
− 1
m2
∂ν [(bRβγ + 4cαRβσγτa
σaτ )
dxβ
ds
dxγ
ds
] (3.16)
where we have used kµ = dx
µ
ds
, and ovariant derivative in the seond term is
replaed by a partial derivative as it's ating on a salar. In Rii spaetime
this equation beomes:
0 =
d2xν
ds2
+ Γνµλ
dxµ
ds
dxλ
ds
− 4cα
m2
∂ν [Rβσγτa
σaτ
dxβ
ds
dxγ
ds
] (3.17)
3.3 Horizon Theorem and Polarization Rule
There are two general features assoiated with quantum modied photon
propagation[7℄. First, it is a general result that the veloity of radially di-
reted photons remains equal to c at the event horizon. Seond, for Rii
CHAPTER 3. QUANTUM GRAVITATIONAL OPTICS 26
at spaetimes (suh as Shwarzshild[1℄ and Kerr[8℄ spaetimes), the velo-
ity shifts for the two transverse polarizations are always equal and opposite.
However, this is no longer true for non-Rii at ases (suh as Robertson-
Walker spaetime[1℄). In these ases, the polarization averaged veloity shift
is proportional to the matter energy-momentum tensor. These features an
be easily shown by using the Newman-Penrose formalism: this haraterises
spaetimes using a set of omplex salars, whih are found by ontrating
the Weyl tensor with elements of a null tetrad[2℄.
Newman-Penrose Formalism
We hoose the basis vetors of the null tetrad as[7℄: lµ = kµ, the photon mo-
mentum. Then, we denote the two spaelike, normalized, transverse polar-
ization vetors by aµ and bµ and onstrut the null vetors mµ = 1√
2
(aµ+ ibµ)
and m¯µ = 1√
2
(aµ − ibµ). We omplete the tetrad with a further null vetor
nµ, whih is orthogonal to mµ and m¯µ. We then have the onditions:
l ·m = l · m¯ = n ·m = n · m¯ = 0 (3.18)
from orthogonality, and:
l · l = n · n = m ·m = m¯ · m¯ = 0 (3.19)
sine the basis vetors are null. Finally, we impose:
l · n = −m · m¯ = 1 (3.20)
The Weyl tensor, given in terms of the Riemann and Rii tensors, is:
Cµνγδ = Rµνγδ − 1
2
(ηµγRνδ − ηνγRµδ − ηµδRνγ + ηνδRµγ)
+
1
6
(ηµγηνδ − ηµδηνγ)R (3.21)
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where Rµγ = η
νδRµνγδ and R = η
µνRµν ; and the Weyl tensor satises the
trae-free ondiation:
ηµδCµνγδ = 0 (3.22)
and the yliity property:
C1234 + C1342 + C1423 = 0 (3.23)
Now, using the null tetrad, we an denote the ten independent omponents
of the Weyl tensor by the ve omplex Newman-Penrose salars:
Ψ0 = −Cµνγδlµmνlγmδ
Ψ1 = −Cµνγδlµnνlγmδ
Ψ2 = −Cµνγδlµmνm¯γnδ
Ψ3 = −Cµνγδlµnνm¯γnδ
Ψ4 = −Cµνγδnµm¯νnγm¯δ (3.24)
3.3.1 Polarization Sum Rule
Rii Flat Spaetime
In Rii at spaetime, summing the quantum orretion over the two po-
larizations leads to the following polarization sum rule:
∑
a
δk(a) = 0 (3.25)
This an be proven by suming the quantum orretion in Eqn. (3.15) over
the two polarizations,
∑
a
δk(a) =
8cα
m2e
∑
a
Rµνγδk
µkγaνaδ (3.26)
CHAPTER 3. QUANTUM GRAVITATIONAL OPTICS 28
In the Newman-Penrose basis, using k = l, a =
√
2
2
(m+m¯), b = − i
√
2
2
(m−m¯),
and the fat that Cµνγδ = Rµνγδ for the Rii at ase, we have:∑
a
Rµνγδk
µkγaνaδ =
1
2
Cµνγδl
µlγ(mν + m¯ν)(mδ + m¯δ)
− 1
2
Cµνγδl
µlγ(mν − m¯ν)(mδ − m¯δ)
= Cµνγδl
µlγ(mνm¯δ + m¯νmδ) (3.27)
This partiular ontration is equal to zero as it's not part of the omplex
salars in Eqns. (3.24); hene the sum of the two quantum orretions is zero.
This implies the trajetory (and veloity) shifts are equal and opposite.
Non-Rii Flat Spaetime
For the non-Rii at spaetimes the polarization sum rule is given as:∑
a
δk(a) = − 8π
m2e
(2b− 8cα)Tµνkµkν (3.28)
where Tµν is the energy-momentum tensor. This an be shown by proeeding
as before, but now we inlude the Rii tensor and salar, as in Eqn. (3.21):∑
a
Rµνγδk
µkγaνaδ = Cµνγδl
µlγ(mνm¯δ + m¯νmδ)− Rµγlµlγ (3.29)
As before the rst term on the RHS is zero, and the seond term is only
dependent on the photon momentum. Then, ombining this with the Rii
term in Eqn. (3.14) we have:∑
a
δk(a) =
1
m2e
(2b− 8cα)Rµνkµkν (3.30)
Finally replaing the Rii tensor with the energy-momentum tensor, by
using the Einstein equation
Rµν = −8πTµν + 1
2
Rgµν (3.31)
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we obtain Eqn. (3.28).
3.3.2 Horizon Theorem
At the event horizon, photons with momentum direted normal to the hori-
zon have veloity equal to c, i.e. the light one remains k2 = 0, independent
of polarization[7℄.
This an be easily proven for the Rii at spaetime, using the orthonormal
vetors ka = (Ek, Ek, 0, 0), a
b = (0, 0, 1, 0) and ab = (0, 0, 0, 1). Therefore,
using these vetors in Eqn. (3.15), we have:
k2 =
8cα
m2e
Rabcdk
akcabad = 0 (3.32)
So, in Rii at spaetime all radially projeted photon trajetories remain
unhanged.
It is also possible to prove the horizon theorem for the general ase (for
Rii and non-Rii at spaetimes) that the light one at the event horizon
is unhanged. This an be seen in the null tetrad, so that the physial, spae-
like, polarization vetors aµ and bµ lie parallel to the event horizon 2-surfae,
while kµ is the null vetor normal to the surfae. Then, from Eqn. (3.14) we
have for the two polarizations:
k2 =
2b
m2e
Rµγk
µkγ +
8cα
m2e
Rµνγδk
µkγaνaδ
=
2b
m2e
Rµγl
µlγ +
8cα
m2e
[−1
2
Rµγl
µlγ ± Cµνγδlµlγ 1
2
(mν ± m¯ν)(mδ ± m¯δ)]
=
1
m2e
(2b− 4cα)Rµγlµlγ ± 4cα
m2e
Cµνγδl
µlγ
1
2
(mν ± m¯ν)(mδ ± m¯δ) (3.33)
Using Eqn. (3.31) and the fat that Cµνγδl
µlγ(mνm¯δ + m¯νmδ) = 0, we an
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write this as:
k2 = − 8π
m2e
(2b− 4cα)Tµγlµlγ ± 4cα
m2e
Cµνγδl
µlγ(mνmδ + m¯νm¯δ) (3.34)
and in terms of the Newman-Penrose salars this an be written as:
k2 = − 8π
m2e
(2b− 4cα)Tµγlµlγ ± 8cα
m2e
Ψ0, (3.35)
where the simpliation in the last term on the RHS is possible as Ψ0 is
real for Shwarzshild spaetime. In general Eqn. (3.35) is non zero, how-
ever, at the event horizon the terms: Tµγl
µlγ and Ψ0 are zero for stationary
spaetimes[7, 9℄
1
.
Physially the Rii term represents the ow of matter aross the horizon
and the Weyl term represents the ow of gravitational radiation[7℄, and both
are zero in lassi general relativity; and as, even with the quantum modi-
ation, the light one remains unhanged at the event horizon, means the
event horizon is xed and light annot esape from inside the blak hole.
1
Stationary spaetimes are independent of time and may or may not be symmetri
under time reversal
Chapter 4
Quantum Modied Trajetories
In this hapter we will analyse how the lassial null trajetories, desribed in
Chapter 2, are modied in Shwarzshild spaetime, due to quantum modi-
ations of the equations of motion of general relativity. Using Eqn. (3.14) we
will alulate the quantum orreted version of Eqn. (2.25), whih will then
desribe the quantum modied motion of a null trajetory in a Shwarzshild
spaetime. Using this, and following the methods of Chapter 2, we will begin
by studying simple ritial irular orbits at the stationary point, u = 1/3M .
As stated in the polarization rule, the ritial orbit should be shifted up and
down by equal amounts, depending on the polarization of eah photon. Also,
we will show that these modiations are only valid if the "lassi" impat
parameter orresponding to the stationary orbit is adjusted, depending on
the photon's polarization, in order to ompensate for the orbit shift. This
information, of the modied orbits and the orresponding impat parameter
for eah polarization, will then be used to determine the general trajetory
of a (vertially or horizontally polarized) photon oming in from innity and
tending to one of the two shifted ritial orbits. We will then go on to show
that these quantum modiations have no eet on the event horizon, that
31
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is, when the impat parameter is aordingly adjusted and a photon falls into
the singularity the event horizon remains xed at u = 1/2M .
4.1 Quantum Modied Cirular Orbits
In Shwarzshild spaetime, using kν = dxν/dτ , Eqn. (3.15) an be written
as:
0 = r˙2 − (1− 2M
r
)2t˙2 + r2(1− 2M
r
)θ˙2
+ (1− 2M
r
)r2φ˙2 +
8cα
m2e
(1− 2M
r
)Rµνγδk
µkγaνaδ (4.1)
and Eqn. (3.17) as:
0 = t¨+
2M
r2
(1− 2M
r
)−1r˙t˙
− 4cα
m2e
∂t(Rµνγδa
νaδ
dxµ
dτ
dxγ
dτ
) (4.2)
0 = r¨ − M
r2
(1− 2M
r
)−1r˙2 − r(1− 2M
r
)φ˙2
+
M
r2
(1− 2M
r
)t˙2 − 4cα
m2e
∂r(Rµνγδa
νaδ
dxµ
dτ
dxγ
dτ
) (4.3)
0 = φ¨+
2r˙φ˙
r
− 4cα
m2e
∂φ(Rµνγδa
νaδ
dxµ
dτ
dxγ
dτ
) (4.4)
0 = −4cα
m2e
∂θ(Rµνγδa
νaδ
dxµ
dτ
dxγ
dτ
) (4.5)
where cα =
α
360π
. Now, in order to onsider quantum modied irular orbits
we require three things: (i) the Riemann tensor omponents, (ii) the photon
wave vetors, kµ = dx
µ
dτ
, for irular orbits, and nally (iii) the photon polar-
ization vetors, aµ. Due to the irular nature of the orbit the simplest basis
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to work in is the orthonormal basis. In this frame the required polarization
and wave vetors, for irular orbits, are simply given as:
aµ = (0, 1, 0, 0) Planar Polarized (4.6)
aµ = (0, 0, 1, 0) Vertially Polarized (4.7)
kµ =
dxµ
dτ
= (Ek, 0, 0, Ek) 4-momentum along φ (4.8)
Now using these photon vetors, the quantum modiations in Eqns. (4.1)-
(4.5), an be expanded to give:
• For the planar polarized ase we have:
Rabcdk
akcabad = Rarcrk
akc = E2k(Rarcrkˆ
akˆc)
= E2k(Rtrtr +Rφrφr + 2Rtrφr) (4.9)
• For the vertially polarized ase we have:
Rabcdk
akcabad = Raθcθk
akc = E2k(Raθcθkˆ
akˆc)
= E2k(Rtθtθ +Rφθφθ) (4.10)
Using the six independent omponents of the Riemann tensor in the orthonor-
mal basis
1
, we nd:
Rtrrt = −Rtrtr = −2M
r3
⇒ Rtrtr = 2M
r3
(4.11)
1
Whih we have alulated in Appendix A
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Rφrrφ = −Rφrφr = −M
r3
⇒ Rφrφr = M
r3
(4.12)
Rθtθt = Rtθtθ = −M
r3
⇒ Rtθtθ = −M
r3
(4.13)
Rφθθφ = −Rφθφθ = 2M
r3
⇒ Rφθφθ = −2M
r3
(4.14)
Rtrφr = 0 (4.15)
Then Eqns. (4.9) and (4.10) beome:
• For the planar polarized ase:
Rabcdk
akcabad = E2k(Rtrtr +Rφrφr + 2Rtrφr) =
3E2kM
r3
(4.16)
with the relevant derivatives:
∂t
3E2kM
r3
= 0 ∂r
3E2kM
r3
= −9E
2
kM
r4
∂θ
3E2kM
r3
= 0 ∂φ
3E2kM
r3
= 0 (4.17)
• For the vertially polarized ase:
Rabcdk
akcabad = E2k(Rtθtθ +Rφθφθ) = −
3E2kM
r3
(4.18)
and the relevant derivatives:
− ∂t3E
2
kM
r3
= 0 − ∂r 3E
2
kM
r3
=
9E2kM
r4
−∂θ 3E
2
kM
r3
= 0 − ∂φ3E
2
kM
r3
= 0 (4.19)
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From Eqns. (3.15), (4.16) and (4.18) we an see that:
k2 ∼ 3E
2
kM
r3
For Planar Polarization (4.20)
k2 ∼ −3E
2
kM
r3
For Vertial Polarization (4.21)
This implies that, as the light one for planar polarization is positive, it
represents a photon trajetory with a speed < c, and as the light one for
vertial polarization is negative, it represents a photon trajetory with a
speed > c.
Planar Polarization
Considering the planar polarized ase rst, we an use Eqns. (4.16) and (4.17)
to rewrite Eqns. (4.1)-(4.4) as:
0 = r˙2 − (1− 2M
r
)2t˙2 + r2(1− 2M
r
)θ˙2
+ (1− 2M
r
)r2φ˙2 +
8cα
m2e
(1− 2M
r
)
3E2kM
r3
(4.22)
0 = t¨ +
2M
r2
(1− 2M
r
)−1r˙t˙ (4.23)
0 = r¨ − M
r2
(1− 2M
r
)−1r˙2 − r(1− 2M
r
)φ˙2
+
M
r2
(1− 2M
r
)t˙2 +
4cα
m2e
9E2kM
r4
(4.24)
0 = φ¨+
2r˙φ˙
r
(4.25)
where Eqn. (4.5) beomes zero. Now, using the solutions of (4.23) and (4.25),
as given by (2.12) and (2.13), we an rewrite Eqn. (4.22) as a simple quantum
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modied trajetory equation for irular orbits with radius r and in a plane
θ = π
2
:
2
0 = r˙2 − E2 + (1− 2M
r
)
J2
r2
+
8cα
m2e
(1− 2M
r
)
3E2kM
r3
⇒ E2 = (dr
dτ
)2 + (1− 2M
r
)(
24cE2kM
m2er
3
+
J2
r2
) (4.26)
To make this equation more meaningful and easier to solve we make the
following transformations
3
:
τ → φ dr
dφ
· dφ
dτ
=
dr
dφ
· J
r2
(4.27)
r → u = 1
r
du
dφ
· dr
du
=
du
dφ
· (− 1
u2
) (4.28)
Therefore, Eqn. (4.26) beomes:
E2 = (
dr
dφ
)2 · ( J
r2
)2 + (1− 2M
r
)(
24cαE
2
kM
m2er
3
+
J2
r2
)
= (
du
dφ
)2 · (− 1
u2
)2 · (Ju2)2 + (1− 2Mu)(24cαE
2
kMu
3
m2e
+ J2u2)
= (
du
dφ
)2 · J2 + (1− 2Mu)(24cαE
2
kMu
3
m2e
+ J2u2) (4.29)
Whih an be written as:
(
du
dφ
)2 = 2M2Au4 + (2M −MA)u3 − u2 + E
2
J2
(4.30)
where we have dened the dimensionless onstant:
A =
24cαE
2
k
J2m2e
=
72cα
m2eD
2
, (4.31)
2
We must note that E and Ek are not equal, E is the energy from the lassi relativisti
orbit equations, while Ek is the quantum energy of the photon
3
Using J = r2 dφ
dτ
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In the last form we have used (without proof) the relation Ek =
√
3E, whih
will be proven in Se. 4.2.1, Eqn. (4.68).
4
Vertial Polarization
Similarly, for the vertially polarized ase, using Eqns. (4.18) and (4.19) in
Eqns. (4.1)-(4.5) to give:
0 = r˙2 − (1− 2M
r
)2t˙2 + r2(1− 2M
r
)θ˙2
+ (1− 2M
r
)r2φ˙2 − 8cα
m2e
(1− 2M
r
)
3E2kM
r3
(4.32)
0 = t¨ +
2M
r2
(1− 2M
r
)−1r˙t˙ (4.33)
0 = r¨ − M
r2
(1− 2M
r
)−1r˙2 − r(1− 2M
r
)φ˙2
+
M
r2
(1− 2M
r
)t˙2 − 4cα
m2e
9E2kM
r4
(4.34)
0 = φ¨+
2r˙φ˙
r
(4.35)
whih, in a similar way as before, gives us the equation of motion for the
vertially polarized photon:
(
du
dφ
)2 = −2M2Au4 + (2M +MA)u3 − u2 + E
2
J2
(4.36)
4.1.1 Quantum Modied Critial Orbits
Now the general equation for the quantum modied irular orbits is:
(
du
dφ
)2 = ±AM(2Mu − 1)u3 + 2Mu3 − u2 + 1
D2
= f(u) (4.37)
4cα is dimensionless, while D and me have dimensions of length and inverse-length
respetively
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where + is for planar polarization in the r diretion, − is for vertial polariza-
tion in the θ diretion and D is the impat parameter. As A→ 0 Eqn. (4.37)
tends to the lassi orbit equation in general relativity, Eqns. (2.25). There-
fore, in order to determine the magnitude of the quantum orretion we an
alulate the order of A using typial values for me, D and cα, in Eqn. (4.31).
Using
5 mec/h ∼ 1011 for the eletron mass (as it is given as inverse length),
cα = α/360π ∼ 10−6, and the mass of the sun inserted into the ritial im-
pat parameter: D = 3
√
3GM⊙/c2 ∼ 102 (given in terms of length), this
then gives us
6
:
A =
72cα
m2eD
2
∼ 10
−6
(1011102)2
∼ 10−32 (4.38)
With the order of A being so small the orretion in Eqn. (4.37) will be tiny
ompared to the size of the orbit (r = 3GM/c2 ∼ 102); therefore the modied
orbits will not dier from the lassi ritial orbit, given by Eqn. (2.25), by
very muh.
We will now determine the quantum modied ritial irular orbits. In
order to solve Eqn. (4.37), we an use the fat, from the polarization rule,
that the modied orbits should be shifted above and below u = 1
3M
by equal
amounts depending on polarization. So we expet a solution of the type
u = 1
3M
±δu; whih means we an try a simple modied solution of the form:
u = u0 + ku1 (4.39)
where u0 =
1
3M
, u1 is the quantum modiation, and k is a small onstant
5
As we were working with G = c = ~ = 1, we must reintrodue these onstants to
obtain the orret order of A
6
This result is also shown in [5℄
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depending on the quantum modiation A.
Planar Polarized Critial Orbit
Working with Planar polarization, we an substitute the solution (4.39) into
the derivative df/du of Eqn. (4.37):
df
du
= 2AM2u3 + 3AM(2Mu − 1)u2 + 6Mu2 − 2u = 0 (4.40)
and as A≪ 1 and k ∼ A, then the only terms of relevane are the ones rst
order in k and A, everything else an be assumed to be ≈ 0. Therefore, we
have
7
:
2AM2u30 + 6AM
2u30 − 3AMu20 + 6Mu20 + 12Mku1u0 − 2u0 − 2ku1 = 0
⇒ u1 = AM
6k
u20 (4.41)
Now, substituting this into the trial solution (4.39), we have:
u = u0(1 +
AM
6
u0) (4.42)
where u0 =
1
3M
is the lassi solution. Therefore the lassi orbit u0 is
modied by
M
6
u0 to rst order in A. Also, with this orbit modiation we
require an assoiated, modied, impat parameter, whih should take the
form:
1
D2
=
1
D20
+ β (4.43)
where 1/D20 = 1/27M
2
. The modied impat parameter an be found by
substituting (4.42) and (4.43) into (4.37) and solving for β. Doing so, we
7u = u0 + ku1 u
2 = u20 + 2ku1u0 u
3 = u30 + 3ku1u
2
0
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nd
8
:
(
du
dφ
)2 = 2M2Au4 −AMu3 + 2Mu3 − u2 + 1
D20
+ β = 0
= 2M2Au40 −AMu30 + 2Mu30 +M2Au40 − u20
− 1
3
AMu30 +
1
D20
+ β (4.44)
We have 2Mu30 − u20 + E
2
J2
= 0, as this forms the lassi equation of motion
for irular orbits. Therefore,
2M2Au20 −AMu30 +M2Au40 −
1
3
AMu30 + β = 0
Now, as u0 =
1
3M
, we have:
β =
AM
3
u30 (4.45)
Therefore the modied impat parameter, for planar polarization, is:
1
D2
=
1
D20
+
AM
3
u30 (4.46)
Then, substituting for D0, we have:
1
D2
=
1
3(3M)2
+
AM
3
u30 =
u20
3
+
AM
3
u30
=
u20
3
(1 + AMu0) (4.47)
Vertial Polarized Critial Orbit
Doing the same for the vertially polarized photon, i.e. by using:
df
du
= −2AM2u3 − 3AM(2Mu − 1)u2 + 6Mu2 − 2u = 0 (4.48)
8
we, again, work to rst order in A: u = u0+A
M
6 u
2
0, u
2 = u20+A
M
3 u
3
0, u
3 = u30+A
M
2 u
4
0
and u4 = u40 +A
2M
3 u
5
0
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and substituting the trial solution (4.39) we nd:
−2AM2u30 − 6AM2u30 + 3AMu20 + 6Mu20 + 12Mku1u0 − 2u0 − 2ku1 = 0
⇒ u1 = −AM
6k
u20 (4.49)
u = u0(1− AM
6
u0) (4.50)
whih is equal, but opposite in sign, to (4.41), as is expeted from the po-
larization rule. Also, as before, the relevant impat parameter is given by
substituting (4.50) and (4.43) into the negative equation of (4.37) and work-
ing to rst order in A.
du
dφ
= −2M2Au4 + AMu3 + 2Mu3 − u2 + 1
D20
+ β = 0
= −2M2Au40 + AMu30 + 2Mu30 −MAu40 − u20
+
1
3
AMu30 +
1
D20
+ β (4.51)
Eliminating terms and rearranging, as before, we nd:
β = −AM
3
u30 (4.52)
Therefore the modied impat perimeter, for vertial polarization, is:
1
D2
=
1
3(3M)2
− AM
3
u30 =
u20
3
− AM
3
u30
=
u20
3
(1− AMu0) (4.53)
The Modied Orbits
We now have the irular orbit solutions for Eqn. (4.37) and the relevant
impat parameters:
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Figure 4.1: Orbit shifts about the lassi ritial orbit u0 = 1/3M , with
orresponding shifts in the speed of light (Not to sale)
.
• Planar (r) polarization solution (<1)
u = u0 + A(
M
6
u20)
1
D2
=
u20
3
(1 + AMu0) (4.54)
• Vertial(θ) polarization solution (>1)
u = u0 − A(M
6
u20)
1
D2
=
u20
3
(1−AMu0) (4.55)
whih are displayed in Fig. 4.1 We an note that as the onstant A is of the
order 10−32 these modiations are extremely small.
4.2 Quantum Modied General Geodesis
Using the solutions for the ritial irular orbits and the assoiated impat
parameters we an now study how the general photon trajetories are modi-
ed due to quantum orretions. In the lassi ase when a photon omes in
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from innity, with the ritial impat parameter, it tends to the ritial orbit,
as was shown in Fig. 2.3; and if we slightly derease the impat parameter
the photon spirals into the singularity, Fig. 2.5. We will now onstrut a gen-
eral quantum modied equation of motion and determine how the geodesis
hange, depending on polarization, as they tend to the ritial orbits.
4.2.1 General Vetors
From the quantum modiation term in Eqn. (4.1) we an see that in order to
onstrut a general quantum modied geodesi equation we require general
photon polarization and wave vetors. The wave vetor, kµ, an no longer
be represented by a simple onstant vetor pointing in the φ diretion, as
given in the orthonormal frame. And, even though the vertial polarization
will remain a onstant, as before, the planar polarization will now be a more
general vetor, onstantly hanging as the photon moves through the plane.
General Wave Vetors
Our general wave vetor will be of the form:
kµ = (
dt
dτ
,
dr
dτ
,
dθ
dτ
,
dφ
dτ
) (4.56)
whih respets the light one ondition:
0 = gµνk
νkµ = F t˙2 − F−1r˙2 − r2φ˙2 (4.57)
where gµν is the Shwarzshild metri. Using previous results, of Eqns (2.12)
and (2.13), and the fat that we are working in the plane, θ = π
2
, we an
represent three of the wave vetor omponents as:
dt
dτ
= EF−1
dφ
dτ
=
J
r2
dθ
dτ
= 0 (4.58)
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where we have dened:
F = (1− 2M
r
) (4.59)
Now using Eqn. (4.57) we an write the nal omponent as:
(
dr
dτ
)2 = F 2(
dt
dτ
)2 − r2F (dφ
dτ
)2
dr
dτ
=
√
E2 − J
2F
r2
= E(1− D
2F
r2
)
1
2
(4.60)
where we have used D2 = J
2
E2
. Now the general wave vetor an be written
as:
kµ = (EF−1, E(1− D
2F
r2
)
1
2 , 0,
J
r2
) (4.61)
Also:
kµ = gµνk
ν
kµ = (E,−F−1E(1− D
2F
r2
)
1
2 , 0,−J) (4.62)
We now have:
kµk
µ = E2F−1 − F−1E2(1− D
2F
r2
)− J
2
r2
= 0
as required. Therefore, eliminating E, we have the general wave vetors:
kµ =
J
D
(F−1, (1− D
2F
r2
)
1
2 , 0,
D
r2
) (4.63)
kµ =
J
D
(1,−F−1(1− D
2F
r2
)
1
2 , 0,−D) (4.64)
We now need to normalize these vetors so, as they ome in from innity
and tend to the ritial irular orbit, they orrespond to the ritial orbit
vetor (4.8). However, as (4.8) is given in the orthonormal basis, and we
are now working in the oordinate frame, we must use the tetrad (A.44),
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given in Appendix B, to transform (4.8) to its oordinate frame equivalent.
Therefore, (4.8) in the oordinate basis is given as:
kµ = (e−1)µak
a = (e−1)µa

Ek
0
0
Ek
 = Ek

F−
1
2
0
0
1
r
 (4.65)
This now orresponds to a wave vetor for a irular orbit in the oordinate
frame. To represent the ritial orbit we simply substitute for r = 3M , in
whih ase F = 1− 2M
r
→ 1
3
, thus (4.65) beomes:
kµ = Ek(
√
3, 0, 0,
1
3M
) (4.66)
Now, if we evaluate (4.64) with r = 3M and D = 3
√
3M we have:
kµ =
J
D
√
3(
√
3, 0, 0,
1
3M
) (4.67)
Therefore, (4.67) is similar to (4.66) up to a onstant of normalization, given
as:
Ek =
J
D
√
3 = E
√
3 (4.68)
Then, the normalized form of (4.64) is given by using (4.68):
kµ =
Ek√
3
(F−1, (1− D
2F
r2
)
1
2 , 0,
D
r2
) (4.69)
General Polarization Vetors
Now we need to onstrut the, planar and vertial, polarization vetors, aµ,
of the photon; whih must be spaelike normalized as:
aµa
µ = −1 aµkµ = 0 (4.70)
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As before, as we are working in a plane, the vertial polarization, aµ1 , will be
a onstant, and an simply be written as:
aµ1 = (0, 0, 1, 0) (4.71)
To normalize this we do as follows:
a1µ = gµνa
ν
1 = −r2(0, 0, 1, 0) ⇒ aµ1a1µ = −r2 (4.72)
Therefore, the normalized vertial polarization vetor is given as:
aµ1 = (0, 0,
1
r
, 0)
a1µ = −r2(0, 0, 1
r
, 0) (4.73)
These now satisfy both the onditions in (4.70). The planar polarized vetor,
aµ2 , is given in the plane of r and φ:
aµ2 = (0, A, 0, B) (4.74)
Now, using the two onditions in (4.70) we an determine A and B. From:
a2µ = gµνa
ν
2 = (0,−AF−1, 0,−r2B) (4.75)
and the vetor (4.69) we have:
kµa2µ = (1− D
2F
r2
)
1
2 (AF−1) + (
D
r2
)(r2B) = 0 (4.76)
a2µa2µ = A
2F−1 +B2r2 = −1 (4.77)
Solving these for A and B:
B = −F
−1
D
(1− D
2F
r2
)
1
2A (4.78)
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A2 =
F
(1 + r
2F−1
D2
(1− D2F
r2
))
(4.79)
Therefore, we have:
A =
DF
r
B = −1
r
(1− D
2F
r2
)
1
2
(4.80)
and the planar polarization vetor beomes:
aµ2 = (0,
DF
r
, 0,−1
r
(1− D
2F
r2
)
1
2 ) (4.81)
We now have the required polarization vetors:
aµ1 =
1
r
(0, 0, 1, 0) (4.82)
a1µ = −r2(0, 0, 1
r
, 0) (4.83)
aµ2 =
1
r
(0, DF, 0,−(1− D
2F
r2
)
1
2 ) (4.84)
a2µ = (0,−D
r
, 0, (1− D
2F
r2
)
1
2 ) (4.85)
where subsript 1 and 2 are vertial and planar polarizations respetively.
These now satisfy the onditions in (4.70) with the wave vetor (4.69).
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4.2.2 Quantum Modiation
Having derived the general polarization and wave vetors, we an see from
Eqn. (3.15) that the quantum modiation given by:
δk(a) =
8cα
m2e
Rabcdk
akcabad (4.86)
also requires the Riemann tensor omponents in the oordinate frame. In
Appendix A we have alulated the required omponents as:
R′trrt = −
2M
r3
R′θrrθ = −
MF−1
r
R′φrrφ = −
MF−1
r
R′φθθφ = 2Mr R
′
θtθt = −
MF
r
R′φtφt = −
MF
r
(4.87)
Using this information we will now determine the form of the general quan-
tum modiation; and from the polarization rule, this quantum orretion
should satisfy the ondition: δk21 = −δk22 for the two polarizations.
For vertial (θ) polarization we have, by using (4.69) and (4.82) in (4.86):
Rabcdk
akcab1a
d
1 = Raθcθ
1
r2
kakc = Rtθtθ
1
r2
ktkt +Rrθrθ
1
r2
krkr +Rφθφθ
1
r2
kφkφ
= −MF
r
(
1
r2
)(
F−1Ek√
3
)(
F−1Ek√
3
)
+
MF−1
r
(
1
r2
)(
√
1− D2F
r2
Ek√
3
)(
√
1− D2F
r2
Ek√
3
)
− 2Mr( 1
r2
)(
DEk
r2
√
3
)(
DEk
r2
√
3
)
= −ME
2
kF
−1
3r3
+
ME2kF
−1(1− D2F
r2
)
3r3
− 2ME
2
kD
2
3r5
= −ME
2
kD
2
r5
(4.88)
Similarly, for planar (r − φ plane) polarization we have, by using (4.69) and
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(4.84) in (4.86):
Rabcdk
akcab2a
d
2 = Rarcrk
akcar2a
r
2 +Rarcφk
akcar2a
φ
2 +Raφcrk
akcaφ2a
r
2
+ Raφcφk
akcaφ2a
φ
2
= Rtrtrk
tktar2a
r
2 +Rφrφrk
φkφar2a
r
2 +Rφrrφk
φkrar2a
φ
2
+ Rrφφrk
rkφaφ2a
r
2 +Rtφtφk
tktaφ2a
φ
2 +Rrφrφk
rkraφ2a
φ
2
=
2M
r3
(
F−1Ek√
3
)2(
DF
r
)2 +
MF−1
r
(
DEk√
3r2
)2(
DF
r
)2
+
MF−1
r
(
DEk√
3r2
)(
Ek√
3
√
1− D
2F
r2
)(
DF
r
)(
√
1− D2F
r2
r
)
+
MF−1
r
(
Ek
√
1− D2F
r2√
3
)(
DEk√
3r2
)(
√
1− D2F
r2
r
)(
DF
r
)
− MF
r
(
F−1Ek√
3
)2(
√
1− D2F
r2
r
)2
+
MF−1
r
(
Ek
√
1− D2F
r2√
3
)2(
√
1− D2F
r2
r
)2
=
ME2kD
2
r5
(4.89)
Therefore, the quantum modiations, k2 = δk(a), for the two polarizations
a1 and a2 (vertial and planar respetively) are:
δk(a1) = −(8cα
m2e
)
ME2kD
2
r5
Vertial (4.90)
δk(a2) = (
8cα
m2e
)
ME2kD
2
r5
Planar (4.91)
where −δk(a1) = δk(a2), as required. Now, using kµkµ − δk(a)=0 we an
write the general equations of motion for the two polarizations:
kµkµ ± (8cα
m2e
)
ME2kD
2
r5
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(
dr
dτ
)2 = F 2(
dt
dτ
)2 − r2F (dφ
dτ
)2 ± F (8cα
m2e
)
ME2kD
2
r5
As before, substituting for t˙, φ˙ and transforming r → 1
u
, we have:
(
du
dφ
)2 =
1
D2
− Fu2 ± (D
2MA
3
)Fu5 (4.92)
We an also write u as a funtion of time:
(
du
dt
)2 = (Du2F )2(
1
D2
− Fu2 ± (D
2MA
3
)Fu5) (4.93)
where we have used the substitution for A given in equation (4.31). Now,
the Eqns. 4.92 and 4.93 are the general equations of motion, + for vertial
(θ) polarization and − for planar (r-φ) polarization. In these equations we
not only use the impat parameter of the form 1/D2 but also D2, therefore
the parameters for the two polarizations are given as:
1
D2
=
u20
3
(1± AMu0)→ D =
√
3
u0
∓
√
3AM
2
+O(A) (4.94)
4.2.3 General Trajetory to the Critial Orbit.
Now that we have the general orbit equation (4.92) we an rst test whether,
for the ritial impat perimeter D, the equation du
dφ
→ 0 for rst order
in A. Substituting the ritial orbits and the impat parameters given in
(4.54),(4.55) and (4.94) into (4.92) and expanding up to rst order in A we
have: For planar polarization.
(
du
dφ
)2 =
u20
3
(1 + AMu0)− [1− 2M(u0(1 + AM
6
u0))[(u0(1 +
AM
6
u0)]
2
− (
3
u2
0
(1+AMu0)
AM
3
)[1− 2M [u0(1 + AM
6
u0)]][u0(1 +
AM
6
u0)]
5
→ 0 (4.95)
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and similarly for vertial polarization.
(
du
dφ
)2 =
u20
3
(1−AMu0)− [1− 2M [u0(1− AM
6
u0)]][u0(1− AM
6
u0)]
2
− (
3
u2
0
(1−AMu0)AM
3
)[1− 2[(u0(1− AM
6
u0)]][u0(1− AM
6
u0)]
5
→ 0 (4.96)
Expanding these and eliminating all terms of order A2 and higher, we nd
that the right hand sides go to zero, as required. Thus for the appropriate
impat parameters these equations behave as they should.
The next step is to solve equation (4.92) for the two polarizations. This
is most simply done using numerial methods in Mathematia. As a guide,
we know our solution will be of the form u = u0 + ku1, where u0 will be
the lassial solution (2.39), u1 will be a small modiation that pushes the
ritial orbit up or down depending on photon polarization, and k will be
some onstant that is rst order in A, i.e. of the form k = As, where s
will be some number given by the boundary ondition: for φ → ∞ then
u(φ) → u0(1 ± A6 u0). If we substitute for the ritial impat parameter D
from (4.54) and (4.55) depending on the polarization, and then transform to
u→ u0+Asu1, and expand to rst order in A, we have non-linear rst order
dierential equations in u0, u1 and φ.
• For planar polarization:
du1(φ)
dφ
=
6s
√
1
27M2
− u0(φ)2 + 2Mu0(φ)3
[
1
27M2
− 27M3u0(φ)5
+ 54M4u0(φ)
6 − 6su0(φ)u1(φ) + 18sMu0(φ)2u1(φ)] (4.97)
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• For vertial polarization:
du1(φ)
dφ
=
1
6s
√
1
27M2
− u0(φ)2 + 2Mu0(φ)3
[− 1
27M2
+ 27M3u0(φ)
5
− 54M4u0(φ)6 − 6su0(φ)u1(φ) + 18sMu0(φ)2u1(φ)] (4.98)
These an be solved in one of two ways, (i) is to substitute the lassi so-
lution (2.39) for u0 and solve analytially, (ii) is to solve
du1
dφ
and the lassi
equation for
du0
dφ
simultaneously using numerial tehniques. We attempted
to use method (i) to derive an analyti solution for u1(φ), however, due to
the omplex nature of the equation we proeeded to use method (ii), that is
solving by numerial methods. To do this we set the onstant s = 1, and
then when the numerial values of u1(φ) were determined we ould deter-
mine the onstant s so that u(φ) oinided with the modied irular orbits
given in (4.54) and (4.55). This tehnique was used for reasons of onve-
niene, beause solving (4.97) and (4.98) for various values of s would be
time onsuming as eah numerial alulation takes a signiant amount of
time; therefore solving them one and then saling the solution is a more
onvenient method. The results of the equations were plotted as:
u(φ) = u0(φ) + Asu1(φ) (4.99)
where the onstant s was piked to satisfy the ondition: φ→∞ ⇒ u(φ)→
u0(1 ± A6 u0) i.e. the trajetories tend to the ritial orbit, depending on
polarization. In this way the onstant s was determined to be s = 1/3,
whih was tested for various values of M . We have plotted the results of the
numerial alulation in Figs. 4.2 and 4.3. In Fig. 4.2, you an see that the
general ritial orbits follow a lassi style path, however the orbit splitting
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Figure 4.2: The quantum modied ritial orbits follow lassi type paths.
We have used a fator A = 0.00009 in order to make the quantum orretions
more visible, where a real value should be of order ∼ 10−32, Eqn. 4.38. The
splitting of the orbits an be learly seen in the Fig. 4.3, given below.
is not learly visible. But in Fig. 4.3 we have plotted a loser view of the
ritial orbits, and here the splitting is highly visible. It an be seen that the
general trajetories for the planar and vertially polarized photons tend to
the relevant ritial orbits.
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Figure 4.3: The quantum modied trajetories show lear splitting as they
tend to the ritial points. We used the onstants M = 1
3
and A = 0.00009.
4.3 QuantumModiation and the Event Hori-
zon
In Chapter. 2 it was shown that when we dereased the impat parameter
from the ritial value (D = 3
√
3M to D − 1/10) the photon trajetory,
given as u(φ), spiraled into the singularity, Fig. 2.5; and when we represent
the trajetory as a funtion of oordinate time, u(t), it tends to the event
horizon, u = 1/2M . From the horizon theorem it was seen that quantum
modiations have no eet on photon veloities direted normal to the event
horizon. So this implies when a photon tends to the event horizon at an an-
gle, e.g. with an impat parameter D = Dcritical−1/10, then the omponent
of veloity normal to the horizon should be unhanged, while the omponent
parallel to it is modied aording to the quantum orretion; this modia-
CHAPTER 4. QUANTUM MODIFIED TRAJECTORIES 55
tion should then result in a shift of the photon trajetory, but the horizon
should remain xed. In order to test this we used Eqn. (4.92) with an im-
pat parameter D = Dcritical − 1/10 to show that the photon trajetories
still fall into the singularity. We then used Eqn. (4.93), with the new im-
pat parameter, to study the behavior of the trajetories around the event
horizon.
4.3.1 Trajetories to the singularity
In order to onstrut quantum modied trajetories, whih go past the rit-
ial orbit and fall into the singularity, we require the impat parameters:
1
D2
=
1
(
√
3
u0
√
(1±AMu0)
− 1
10
)2
→ D =
√
3
u0
∓
√
3AM
2
− 1
10
+O(A) (4.100)
where, as before, + is for vertial polarization and − is planar polarization, in
1/D2. For these impat parameters we numerially solved Eqn. (4.92), and in
Fig. 4.4 we an see that all the trajetories follow a lassi type path into the
singularity
9
. However, near the singularity you an see the splitting of the
orbits as they tend to u → ∞. In Fig. 4.5 we have shown a magnied view
of the point where the trajetories ross the event horizon. In this gure
it an be seen that the planar polarized photon (c < 1) rosses the event
horizon at a point before the lassi trajetory and the vertially polarized
photon (c > 1) rosses it at a point after the lassi trajetory. This makes
sense, as the planar polarized photons are pushed towards the blak hole
9
The quantum modiations to the lassi trajetories are very small, and even if we
use the hugely exaggerated value of A = 0.00009, as was used in Figs. 4.3 and 4.2, the
modiation is hardly visible. So, in order to magnify the quantum orretion even more
we used A = 0.0009.
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Figure 4.4: The quantum modied trajetories follow similar paths, as the
lassi trajetory, to the singularity, with M = 1
3
and A = 0.0009.
and vertially polarized trajetories are pushed out, the vertially polarized
ones must spiral further around the blak hole to reah the event horizon
ompared to the lassi or the planar polarized trajetories.
4.3.2 Fixed Event Horizon
To demonstrate the fat that the event horizon remains xed at u = 1/2M we
applied the impat parameters given by (4.100) to Eqn.(4.93). Again, solving
numerially we found that the trajetories tend to the event horizon in the
lassi way, Fig. 4.6, however, they are again slightly shifted. In Fig. 4.7,
a lose up of the point where the trajetories tend to the event horizon at
u = 1/2M , you an learly see that the quantum modied orbits tend to the
horizon before the lassi orbit. This an be understood by the fat that the
planar polarized trajetory is pushed towards the blak hole, hene it has less
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Figure 4.5: The lassi and quantum modied trajetories rossing the event
horizon u = 2M , with M = 1
3
and A = 0.0009.
of a distane to propagate before it reahes the horizon, and even though the
vertially polarized trajetory is pushed outwards, the fat that it has a faster
veloity than c = 1 it reahes the event horizon before the lassi trajetory.
The other more important thing we an note from this alulation is that the
event horizon remains xed at the lassi point u = 1/2M , due to the fat
that, as was stated earlier, the quantum orretion has no eet on photon
momentum normal to the horizon. This means even though the quantum
orretion implies veloities greater than the speed of light, no photons an
esape from the event horizon, so the blak hole remains blak.
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Figure 4.6: The quantum modied trajetories follow similar paths, as the
lassi trajetory, to the event horizon, with M = 1
3
and A = 0.0009.
Figure 4.7: The lassi and quantum modied trajetories reah the event
horizon at diering times, with M = 1
3
and A = 0.0009.
Chapter 5
Quantum Modied Shwarzshild
Metri
Now, using our previous results, we an onstrut a new metri that en-
ompasses the quantum orretions due to vauum polarization. This metri
should then be a sum of the lassi Shwarzshild metri and the polarization
dependent quantum orretions we derived in Eqns. (4.88) and (4.89):
Gµνkµkν = (gµν + gµν)kµkν = 0
= (gµν − 8cα
m2e
Rµηνλa
ηaλ)kµkν = 0 (5.1)
5.1 Constrution of the Metri
Using the results in Se. 4.2.2 we an write the rst omponents of the quan-
tum modied metri G1tt and G2tt, for vertial and planar polarization respe-
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tively, as:
G1tt = gtt −
8cα
m2e
Rtbtda
b
1a
d
1
= F − 8cα
m2e
(−MF
r
)(
1
r2
)
= F +
AMD2
9
Fu3 (5.2)
G2tt = gtt −
8cα
m2e
Rtbtda
b
2a
d
2
= F − 8cα
m2e
[
2M
r3
(
DF
r
)2 − (MF
r
)(
√
1− D2F
r2
r
)2]
= F − AMD
2
9
(3D2F 2u5 − Fu3) (5.3)
where, in the last lines of eah omponent, we have used Eqn (4.31) to replae
the onstants with A, and we've made the transformation r → 1/u. Now,
doing this for all the other omponents we an onstrut the metris for
vertial and planar polarizations:
• Vertial Polarization: aµ1 = u(0, 0, 1, 0)
G1µν =

F − BFu3 0 0 0
0 − 1
F
+ Bu
3
F
0 0
0 0 − 1
u2
0
0 0 0 − 1
u2
− Bu
 (5.4)
• Planar Polarization: aµ2 = u(0, DF, 0, D dudφ)
G2µν =

F +BFu3(1− 3D2Fu2) 0 0 0
0 − 1
F
− Bu3(1−D2Fu2)
F
0 Bu3D du
dφ
0 0 − 1
u2
0
0 Bu3D du
dφ
0 − 1
u2
−BD2Fu3

(5.5)
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whereB = AMD
2
9
. These are now the relevant quantummodied Shwarzshild
metris for vertial and planar polarizations
1
.
5.2 Dynamis with the QuantumModied Met-
ri
We an now derive the same equations of motion as (4.92), but now we an
do it simply with the quantum modied metris. Using the general wave
vetor in a plane:
kµ = (t˙, r˙, θ˙, φ˙)
= (
J
D
F−1,−J du
dφ
, 0, Ju2) (5.6)
where we have transformed to r → 1/u, and we substitute for t˙ and φ˙ as
before. Applying this wave vetor to (5.4) and(5.5) we nd:
0 = G1µνkµkν
⇒ (du
dφ
)2 =
1
D2
− Fu2 + (D
2A
3
)Fu5 (5.7)
for vertial polarization, and
0 = G2µνkµkν
⇒ (du
dφ
)2 =
1
D2
− Fu2 − (D
2A
3
)Fu5 (5.8)
for planar polarization. These are idential to the equations we derived in
Se. 4.2.2.
1
In both the metri, G2µν , and vetor, a
µ
2 , we have made the substitution r → 1/u and
du
dφ
= − 1
D
√
1−D2Fu2
CHAPTER 5. QUANTUM MODIFIED SCHWARZSCHILD METRIC 62
Radial Geodesis
We an now show that the metri for vertial polarization is onsistent with
the fat that radially projeted photon trajetories are not modied. By
using the vertial polarization metri, (5.4), and a general radial wave vetor,
(kµ = (t˙, r˙, 0, 0), we nd:
0 = G1µνkµkν
⇒ dt
dr
= ± 1
F
(5.9)
whih is idential to the lassi radial geodesi equation, (2.30). However,
the same is not true for the planar polarization metri. Due to our deriva-
tion of the polarization vetors in Se. 4.2.1, we onstruted a very general
vertial polarization vetor and then normalized it; however, the one for pla-
nar polarization was onstruted for the ase where
dφ
dτ
6= 0, as an be seen
in Eqns. (4.60) and (4.76); therefore the planar polarization vetor has φ
dependene "mixed" into it through the substitution of φ˙:
(
dr
dτ
)2 = F 2(
dt
dτ
)2 − r2F (dφ
dτ
)2
= (E2 − J
2F
r2
)
1
2 = E(1− D
2F
r2
)
1
2
(5.10)
We an note that it's a result of the substitution
dφ
dτ
= J
r2
, in the polarization
vetors, that we aquire an extra parameter D in our quantum orretion
(apart from the one introdued through normalization, whih was inorpo-
rated into B = AD2/9). We an then say that if we need to use the metri
for a radial trajetory with
dφ
dτ
= 0 we an just set D = 0, as this would
CHAPTER 5. QUANTUM MODIFIED SCHWARZSCHILD METRIC 63
lead to the removal of the φ dependene. In this way, the planar polarized
quantum modied metri for radial trajetories is:
G(φ=0)2µν =

F +BFu3 0 0 0
0 − 1
F
− Bu3
F
0 0
0 0 − 1
u2
0
0 0 0 0
 (5.11)
Then applying this to a general radial wavevetor, we again nd the lassi
radial geodesi equation:
0 = G(φ=0)2µνkµkν
⇒ dt
dr
= ± 1
F
(5.12)
Therefore, we have metris for the Shwarzshild spae time that inorpo-
rate quantum orretions due to vauum polarization; and these metris are
onsistent with lassi results.
Chapter 6
Summary
For Shwarzshild Spaetime we showed, in the orthonormal frame, that,
due to quantum orretions, the stable irular orbit at u0 = 1/3M splits
depending on the polarization of the photon, and the new modied irular
orbits are given by the lassial orbit plus a orretion term to rst order in a
dimensionless onstant A: u = u0+Au1, where A =
24cαE2k
J2m2e
and has an order of
10−32. As stated by the polarization sum rule this splitting of the ritial orbit
is equal in magnitude but opposite in sign for the two polarizations. We found
that the vertially polarized photon (>1) is pushed out by a orretion of
u1 = −M6 u20, while the planar polarized photon is pulled in by a orretion of
u1 =
M
6
u20. It was also found that this orbit shift also requires an appropriate
modiation of the lassi impat parameter
1
D2
0
=
u2
0
3
. This modiation,
for the quantum orreted orbits, took the form
1
D2
= 1
D2
0
+ AD1, and again
as for the orbit shift, the hange was equal in magnitude but opposite in
sign for the two polarizations: D1 =
Mu30
3
for planar polarization and D1 =
−Mu30
3
for vertial polarization. Using this information, for the splitting of
irular orbits, we then onstruted the quantum orreted general equations
of motion for the Shwarzshild spaetime. Using these equation of motion
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it was shown that a photon starting at u = 0, with the appropriate ritial
impat parameter, tends to the ritial orbit assoiated with that impat
parameter - and the trajetory follows a similar path to the lassi ase.
We then went on to show that, using the general quantum orreted equa-
tions of motion, a photon projeted towards the blak hole with an impat
parameter less than the ritial value falls into the the singularity, in terms
of the angular distane (φ). Although the photons follow a lassi type path
into the singularity, the trajetories are slightly shifted aording to polar-
ization. The planar polarized photon rosses the horizon before the lassi
trajetory, and the vertially polarized one rosses it after, this orresponds
to the fat that planar polarized photons are pulled towards the blak hole
and vertially polarized ones are pushed away, hene the vertially polarized
ones need to go a further angular distane to reah the event horizon.
In terms of oordinate time (t) we found that the photon trajetories
tend to the event horizon. Therefore, the quantum orretions do not shift
the lassi event horizon from u = 1
2M
, whih orresponds to the horizon
theorem. Also, we found that, although the quantum orreted orbits follow
a lassi type path to the event horizon, the point at whih they hit the
horizon is, again, slightly shifted depending on polarization. However, this
time both polarizations hit the horizon before the lassi trajetory. The
planar polarized photon tends to arrive at the horizon rst, then the vertially
polarized one, and nally the lassi photon. This ould orrespond to the
fat that the planar polarized photon, although it has a veloity lower than
the speed of light, has less of a distane to go, as its trajetory is pulled
towards the blak hole. For the vertially polarized ase, even though it has
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a faster than light veloity, it has a further distane to go to reah the horizon
as its trajetory is pushed away from the blak hole.
Having determined the equations of motion, with the quantum orretion,
we then went on to onstrut a Shwarzshild metri that inorporates the
quantum orretion: Gµν = (gµν + gµν), where the orretion: gµν was again
rst order in A. We showed that with this metri and a general photon
wave vetor, kµ, we obtain the quantum modied equations of motion, as
before. Also, this new metri onrms the horizon theorem, that is, when
we use a wave vetor indiating a radially projeted photon we obtain the
lassi equation of motions. This was ne for vertial polarization, however,
in the planar polarization ase we had a problem; we had previously used
a substitution that mixed a "hidden" radial angle, φ, into our polarization
vetor (as in general orbits the planar polarization depends on φ). By traing
bak to the origin of this substitution we found that, in order to study radial
trajetories, we need to set D = 0, this then removes the φ dependeny;
this then gives us the lassi equation of motion for planar polarized radially
projeted photons.
So in onlusion, after studying the dynamis of null trajetories in Shwarzshild
spaetime we derived the polarization dependent photon trajetories to rst
order in the onstant A (whih is dependent on the ne struture onstant,
the mass of the star, mass of the eletron, and the energy of the photon). We
then inorporated these modiation into a general quantum modied metri,
whih ould also be used to derive the general quantum modied equations
of motion. Also, the results of this work oinide with the onditions of the
horizon theorem and the polarization sum rule.
Part II
Superuid Behaviour of the 2+1d
NJL Model at High Density
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Chapter 7
Introdution
7.1 Quantum Chromodynamis
Sine the 70's it has been aepted that nuleons and other hadrons (baryons
and mesons) observed in partile aelerators are not fundamental parti-
les themselves, but are omposed of frationally harged fermions known as
quarks, whih exhange bosons of the strong fore known as gluons. In this
desription, known as the quark model, baryons and mesons are depited as
bound states of three quarks and quark anti-quark pairs respetively. In this
way the quark model provides a very natural explanation for the multipliity
and pattern of all the strongly-interating partiles [13, 15℄. Experimental
tests of this theory (in a similar way to the lassi high-angle Rutherford sat-
tering of α-partiles o atoms demonstrating the existene of the nuleus)
onsists of high energy inelasti sattering experiments of eletrons o nu-
leons. The evidene from suh experiments is onsistent with the presene
of pointlike spin-
1
2
onstituents alled partons with a mass one third that of
the proton. These partons, whih are able to move freely within the nuleon
volume, are then identied with quarks.
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7.1.1 QCD: A Model of Strongly Interating Matter
Quantum Chromodynamis (QCD) was introdued in the early 70s as the
theoretial framework that translated the experimental and oneptual de-
sription of the quark model into a quantitative alulational sheme. QCD
desribes quarks and anti-quarks as quanta of the elementary fermion elds
ψ and ψ¯, eah with an SU(3) olour harge, and gluons as quanta of a self-
interating non-abelian gauge eld Aµ. The Lagrangian density of QCD is
given by
LQCD = ψ¯αi (iD/ −m0)αβij ψβj −
1
4
FaµνFµνa (7.1)
In the fermioni part i and j run over Nf avours of quarks, α and β run
over the 3 olours, then m0 is an Nf ×Nf mass matrix in avour spae. The
ovariant derivative
D/ = γµDαβµ = γ
µ(δαβ∂µ − i
2
g(λa)αβAaµ) (7.2)
is introdued so the Lagrangian density is invariant under loal SU(3) gauge
transformations, where g is the bare oupling onstant, Aaµ is a vetor (gauge)
eld with eight gluoni degrees of freedom and λa denote the generators of
the SU(3) group. Due to the introdution of the eight gluon elds, through
gauge symmetry, we adjoin the free gluon lagrangian (the nal (gauge) part
of the ation) to give the full QCD lagrangian. In the free gluon term of the
ation the eld strength tensor is
Faµν = ∂µAaν − ∂νAaµ + gfabcAbµAcν (7.3)
CHAPTER 7. INTRODUCTION 70
where fabc are the struture onstants of the SU(3) group
1
. As the QCD la-
grangian is symmetri under a non-Abelian gauge group, underlined by the
presene of the struture onstants fabc, the theory has some non-trivial fea-
tures that are not present in Abelian gauge theories like quantum eletrodynamis[11℄:
• LQCD ontains gluoni self-oupling (three and four gluon verties),
whih means the gluons themselves arry olour.
• At large momentum, Q, the QCD oupling behaves as:
αs ∼ 1
ln(Q2/Λ2QCD)
(7.4)
where ΛQCD ∼ 200MeV is the QCD sale parameter.
• Eqn. (7.4) implies that αs(Q2) → 0 as Q2 → ∞, and αs(Q2) → ∞
when Q2 = Λ2QCD.
This behaviour of the strong fore is known as asymptoti freedom, and an
be simply represented through the quark anti-quark potential
V (r) = −αs(r)
r
+Kr (7.5)
where K is an experimentally determined onstant, alled the string tension,
with an estimated value of ≃ (420MeV )2[13℄; and αs is the oupling given in
Eqn. (7.4), whih varies with distane as 1/ ln(r−1). Now it an be seen that
for small distanes the rst term dominates, in whih ase the strong fore
behaves like an attrative Coulomb potential, and in the limit r → 0 the
quarks an be onsidered as free non-interating partiles[13℄. However, with
1[T l, Tm] = if lmnT n, where T k are the generators of the SU(N) Lie group.
2
in units of energy over length we have K ≃ 880MeV/fm.
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greater separations the potential sales approximately linearly due to the self
interation of the gluons, as seen through the seond term. This is related
to the phenomenon of "onnement", i.e. to the empirial fat that oloured
objets, like quarks and gluons, do not exist as physial degrees of freedom in
the vauum. So, as the oupling onstant (related to the potential) beomes
larger for greater separations perturbative treatments of QCD beome less
and less eetive.
7.1.2 Lattie QCD
A perturbative treatment of QCD leads to a suessful desription of the
fore between quarks at small distanes . However, as already stated, at
large distanes a perturbative treatment of QCD is less fruitful. One method
to address the non-perturbative nature of QCD at large distanes is that of
Lattie Gauge Theory, proposed by Wilson in 1974. In this method all the
elds are dened on a disrete Eulidean spae-time lattie with a nonzero
lattie spaing a. Thus, in this way the lattie QCD alulations an be
numerially arried out without the use of perturbative expansion. Even
with its advantages, lattie eld theory still has problem, suh as:
• It's diult to disretise the fermion eld in a hirally symmetri way.
• Simulations with reasonable light urrent quark masses are omputa-
tionally very expensive.
• To simulate a smooth spae time by implementing a large lattie volume
and small lattie spaing requires a very large number of lattie sites.
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• Simulations for non-zero hemial potential (µ 6= 0) are next to im-
possible due to the sampling weight (used in Monte-Carlo methods)
beoming omplex (Appendix C.1).
However, with the ontinual improvement of lattie algorithms and the ad-
vanes in omputing power, lattie QCD is the driving fore in our under-
standing of strongly interating matter.
7.2 Chiral Symmetry in QCD
An important feature of QCD is its hiral symmetry for fermions with a
vanishing mass (or approximate symmetry as is the ase for physial quarks).
Chiral symmetry is related to the symmetries assoiated with a partile's
handedness, whih in turn is dened by its heliity. Before we go into hiral
symmetry we'll briey disuss the onept of heliity and hirality.
7.2.1 Heliity and Chirality
A partile propagating with spin ~s has heliity h = ~s · ~k/|k|, whih is the
projetion of the spin axis along the diretion of its motion
~k, where positive
heliity is right-handed and negative is left-handed
3
. Also, if the partile has
a vanishing mass its heliity would then be invariant under Lorentz transfor-
mations, whih (for the massless ase) leads to two good quantum numbers
BL and BR, referring to the separate onservation of left- and right-handed
partile numbers in the absene of external eets. However, in the ase
of massive partiles these quantum numbers are not separately onserved,
3
So for spin
1
2 partiles there are two possible heliity eigenstates given as: h = ± 12 ,
known as left- and right-handed states.
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but their sum is a good quantum number: B = BL + BR. So, through this
onept of heliity we an dene the hirality operators that projet out left-
and right-handed eld states
4
ψL =
1
2
(1− γ5)ψ = PLψ ψR = 1
2
(1 + γ5)ψ = PRψ
ψ¯L = ψ¯
1
2
(1 + γ5) = ψ¯PR ψ¯R = ψ¯
1
2
(1− γ5) = ψ¯PL (7.6)
and these hiral eld states, ψL and ψR, satisfy the equations
γ5ψL = −ψL γ5ψR = +ψR (7.7)
where γ5 = iγ
0γ1γ2γ3 and its eigenvalues are alled "hirality"5. In general,
unlike heliity, hirality is not diretly measurable. We nd that in the limit
where m → 0 (or for E ≫ m) the heliity and hirality of a partile are in
one-to-one orrespondene, and the hiral elds assoiated with the massless
partiles thus represent physial states. However, as heliity is not Lorentz
invariant massive partile elds must be expressed as a sum of left- and
right-handed hiral elds,
ψ = PLψ + PRψ = ψL + ψR (7.8)
whih is the ovariant formulation of massive partiles. So in this ase, of
massive partiles, hirality and heliity are distint things, and thus the hiral
states are not physial states, but represent internal degrees of freedom.
7.2.2 Chiral Symmetry
With this disussion of handedness and hirality we an go on to disuss what
is meant by hiral symmetry. In general, hiral symmetry is the symmetry
4
The eld operators whih reate and destroy a quark are ψ¯ and ψ respetively.
5
The gamma matries also satisfy γ5γ5 = 1 and {γµ, γ5} = 0.
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assoiated with the independent transformations of the left- and right-handed
hiral states of a partile. So, when we say QCD, for Nf quark avours,
possesses hiral symmetry under SU(Nf )L × SU(Nf)R, we atually refer to
the lagrangian of the theory being invariant for the separate transformations
of the left and right-handed hiral elds[19℄
ψ → V ψ, V = VLPL + VRPR,
ψ¯ → ψ¯V¯ , V¯ = V †LPR + V †RPL (7.9)
where VL, VR ∈ SU(Nf ). This is equivalent to the symmetry under the
SU(Nf)V × SU(Nf )A, with the transformations
SU(Nf )V : ψ → e− i2 τaθaψ ψ¯ → ψ¯e i2 τaθa (7.10)
SU(Nf )A : ψ → e− i2γ5τaϑaψ ψ¯ → ψ¯e− i2γ5τaϑa
where τa are the generators of avor SU(Nf )
6
. Chiral symmetry would be
exat in the limit of Nf massless avours, but for non-vanishing mass (m0 6=
0) it is expliitly broken from SU(Nf )V × SU(Nf)A to SU(Nf)V 7, as the
mass term in LQCD mixes the hiral states ψL and ψR[16℄. However, though
quarks have non-vanishing masses, hiral symmetry is still a useful onept
for the up/down quarks (Nf = 2) as the masses are very small and ould be
onsidered negligible ompared to the QCD sale parameter ΛQCD (and to a
lesser extent for the inlusion of the strange quark i.e. Nf = 3). Thus, as long
as the masses are small ompared to the relevant sale of the theory one may
treat SU(Nf )A as an approximate symmetry, so that preditions based upon
the assumptions of the symmetry should be reasonably lose to the atual
6
For Nf = 2 the generators are the Pauli matries.
7
It an be shown that LQCD is invariant under SU(Nf)V , but not under SU(Nf )A.
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results[16℄. As this is an approximate symmetry we ould ask: what are the
observable phenomena related to hiral symmetry being approximate rather
than an exat symmetry? One of the most obvious eets is seen through the
non-zero (but small) mass of the pions, i.e. the Goldstone bosons assoiated
with the spontaneous breaking of hiral symmetry for Nf = 2 (whih will be
disussed in the next setion).
Total Chiral Symmetry Group of QCD
It an be shown that the QCD Lagrangian is also invariant under phase
transformations of the left- and right-handed quarks (uL and dL), whih is
the U(1)L × U(1)R symmetry. So the total hiral symmetry group of the
QCD Lagrangian for Nf = 2 avors an be written as
U(2)L × U(2)R = SU(2)L × SU(2)R × U(1)L × U(1)R
= SU(2)V × SU(2)A × U(1)V × U(1)A
(7.11)
where the axial and vetor U(1) rotations an be written as
U(1)V : ψ → e−iθψ ψ¯ → ψ¯eiθ (7.12)
U(1)A : ψ → eiγ5ϑψ ψ¯ → ψ¯eiγ5ϑ
Having the full hiral symmetry group of QCD we an disuss the physial
manifestations of theses symmetries in nature. The U(1)A symmetry is (said
to be) expliitly broken due to quantum utuations[21℄, but the U(1)V sym-
metry is responsible for baryon number onservation, and hene is labeled
as U(1)B. The pure unitary transformation SU(2)V orresponds to isospin
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onservation, where the axial transformation, SU(2)A, alters the parity that
is assoiated with a state. This means the manifestation of SU(2)A in na-
ture would require that eah isospin multiplet be aompanied by a mirror
multiplet that has opposite parity. However, as no suh multiplets are ob-
served in nature it is an aepted view that SU(2)A is a broken symmetry
of QCD, where the resulting massless Goldstone bosons are assoiated with
the pions. We an also write the onserved urrents assoiated with eah of
the symmetries (as given by Klevansky [22℄):
SU(2)V : I
k
µ = ψ¯γµτ
kψ ⇒ Isospin
U(1)V : Iµ = ψ¯γµψ ⇒ Baryonic
SU(2)A : I
k
5µ = ψ¯γµγ5τ
kψ ⇒ Chiral
U(1)A : I5µ = ψ¯γµγ5ψ ⇒ Axial
(7.13)
We have used the notation I for the urrents, this is due to the fat that in
this thesis J is reserved for soure terms, as is the onvention in ondensed
matter physis.
7.2.3 The QCD Vauum and Spontaneous Symmetry
Breaking
As disussed, due to the smallness of the urrent quark masses, QCD is said to
possess approximate hiral symmetry. However, in the world around us this
symmetry is spontaneously broken due to dynamial mass generation, our-
ring when quarks interat with vauum quark ondensates. In this setion we
will disuss this phenomenon of spontaneous breaking of hiral symmetry as
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it will help in building a oneptual piture of the QCD phase diagram, whih
will then lead to a greater understanding of the superonduting/superuid
phases of strongly-interating partiles at high baryon density.
Dynami Mass Generation
In metalli superondutivity it is seen that a small eletron-eletron attra-
tion (due to eets of the surrounding lattie) leads to bosoni partiles of
bound eletron pairs, known as Cooper pairs. These bosons then form a
ondensate in the ground state of the metal leading to superondutivity. In
a similar way we an assert that the ground state of QCD, or vauum, is
unstable with respet to the formation of a quark ondensate.
Quark-anti-quark pairs are reated in the vauum
8
, near the surfae of the
Dira sea, as the binding energy of the ψ¯ψ pair exeeds the energy needed to
exite the quark anti-quark pair. One exited the strong attrative intera-
tion between them auses the bound fermion pairs to ondense, whih leads
to the reation of an energy gap. The resulting vauum quark ondensate is
quantitatively haraterized by a nonzero vauum expetation value
< ψ¯ψ >=< 0|ψ¯LψR + ψ¯RψL|0 > 6= 0 (7.14)
This nonzero expetation value signals that the vauum mixes the quark
hiral states leading to them aquiring an eetive mass. This an be seen
oneptually if you onsider that a left-handed quark
9
propagating through a
vauum an be annihilated by ψL, leaving ψ¯R to reate a right handed quark
8
These fermion pairs have zero total momentum and angular momentum, thus they
ontain net hiral harge i.e pairing left-handed quarks with the antipartiles of right-
handed quarks[17℄.
9
for E ≫ m we an assume that m→ 0 so its heliity and hirality will be equivalent.
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hiral state with the same momentum. As this ontinually happens, with the
quark traveling through the QCD vauum, its hiral state will ip at a rate
proportional to < ψ¯ψ >, whih implies it would propagate just as if it had a
mass
10
[13℄.
Spontaneously Broken Chiral Symmetry
Through this dynamially-generated mass, alled the onstituent mass Σ as
opposed to the urrent mass m, hiral symmetry is spontaneously broken.
This spontaneous breaking of symmetry, ourring due to QCD's own dy-
namis, leads to massless Goldstone bosons. For the ase of Nf = 2
11
we
end up with three massless Goldstone Bosons, whih are identied with the
isospin triplet of relatively light mesons, the pions, π± and π0. These pions
are light, but not massless, whih (as previously disussed) is a onsequene
of the fat that hiral symmetry was initially not an exat symmetry as
quarks have a nonzero, but small, mass to begin with.
This generation of (onstituent) rest mass, and the assoiated hirally
broken phase, is portrayed in Fig. 7.1. In this energy-momentum diagram it
an be seen that, due to the pairing of the quark anti-quark pairs, an energy
gap of 2Σ is reated between the highest (quark) and lowest (anti-quark)
states. This gap then represents a rest mass that is far greater than the ur-
rent mass i.e. Σ≫ m, whih an be interpreted as a physial representation
10
A naive, but some what helpful, piture is that of a spoon being dragged through
honey, in suh a ase it would seem to have a greater apparent mass (or inertia) due to
the visous drag of the honey[18℄.
11
From Goldstones Theorem it an be shown that the breaking of the symmetry
SU(2)V × SU(2)A (3+3 generators) to SU(2)V (3 generators) gives rise to 3 massless
Goldstone bosons.
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Figure 7.1: ψ¯ψ pairing instability leading to a hirally broken phase of the
vauum.
of a vauum with broken hiral symmetry
12
.
In Se. 7.3 we will go onto disuss how a variation in thermodynami
onditions ould lead to the restoration of hiral symmetry, and how ex-
treme variation then leads to exoti strongly interating matter i.e. olour
superondutivity/superuidity.
7.3 The QCD Phase Diagram
13
When it had beome lear that hadrons were indeed a state of onned
quarks and gluons, it was suggested that they should beome deonned
at high temperatures or densities when the hadrons strongly overlap and
12
The vauum with restored hiral symmetry also has a gap, equal to 2m, however as
it is very small we talk about approximate hiral symmetry.
13
This setion is a ondensed summary of 'The Phase Diagram of QCD' by Simon Hands
[13℄.
CHAPTER 7. INTRODUCTION 80
Figure 7.2: The phase diagram of H2O (not to sale).
lose their individuality[11℄. In this piture, we then have two phases, the
"hadroni phase" where quarks and gluons are onned, and the quark-gluon
plasma where they are deonned. Suh phases of strongly interating matter
and the assoiated transitions between them, with external thermodynami
ontrol parameters like temperature and density, make up a map of The QCD
Phase Diagram.
7.3.1 A Classi Phase Diagram of H2O
A lassial example of a phase diagram is that of H2O, Fig. 7.2. In this
diagram the thermodynami ontrol parameters are temperature T and pres-
sure P , and the dierent manifestations (or phases) of H2O are separated
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into three regions of ie, water and steam, with the separating boundaries
between them marked by the equilibrium oexistene urves P (T ). Thus, a
rst order phase transition suh as melting or boiling is observed when mov-
ing along a path in the (T, P ) plane that rosses the equilibrium boundaries.
In this diagram there are two speial points: the ritial point (Tc = 650K,
Pc = 2.21× 107Nm−2) where the phases of water and vapour beome indis-
tinguishable, and the triple point (Ttr = 273.16K,Ptr = 600Nm
−2
) where all
three phases oexist.
7.3.2 A Map of the QCD Phase Diagram
A possible shemati of the QCD phase diagram is presented in Fig. 7.3, with
the thermodynami ontrol parameters temperature, T , and baryon hemi-
al potential, µ. In this diagram we an note several loations whih have
analogues in ondensed matter physis. The rst loation is the bottom left
hand orner of the phase diagram where T and µ are both small. Here the
thermodynami behavior of QCD an be desribed as that of a vapour of
hadrons, i.e. omposite states of quarks and/or anti-quarks. In this loa-
tion extensive work has been arried out to lassify and quantify the bound
states of strongly interating matter, hene, this area has a ertain amount
of resemblane to relativisti atomi physis. It is then argued, and has been
shown through numerial alulations
14
that as we inrease T the hadroni
vapour phase annot persist. Eventually there omes a point, found to be
Tc ≃ 170MeV [25℄, where the dominant degrees of freedom are no longer
hadrons, but quarks and gluons themselves. This "gas" of strongly interat-
14
For a disussion of this see [13℄ and referenes therein.
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Figure 7.3: The proposed phase diagram of QCD (not to sale).
ing matter is known as the quark-gluon plasma (QGP), thus the upper left
region of the phase diagram has the lassi analogue of relativisti plasma
physis. Two possible andidates for the formation of the QGP phase are the
early universe, immediately after the Big Bang, and high energy ollisions
between nulear partiles.
The nal area of the phase diagram, and also the most elusive, lies along
the µ-axis. Unlike simulations along the T -axis, lattie gauge theory simula-
tion beome ineetive when applied to QCD with µ 6= 0. However, through
extrapolation methods it is seen that as you inrease µ, for zero tempera-
ture, the ground state (i.e. the vauum) persists until µ reahes the value of
nulear matter (nuleon rest mass minus the binding energy), at whih point
it beomes energetially favorable to ll the ground state with a bound nu-
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leoni uid. This onset value is estimated at µ0 = 922MeV , at whih point
baryon density nB jumps from zero to nulear density nB0 ≃ 0.16fm−3. This
is referred to in [13℄ as 'room hemial potential' as the vauum and nulear
matter oexist at this point. Extrapolation methods, an be employed for
densities up to 2−3nB0, however beyond this we are fored to rely on approx-
imate treatments suh as the MIT bag model or the NJL model. Through
suh treatments it is estimated that as nB inreases we again expet a tran-
sition from a phase where matter exists in the form of nuleons to one where
the dominant degrees of freedom are quarks and gluons. This phase of dense,
strongly interating, matter is believed to exist at the ores of neutron stars.
It is also speulated that under suh onditions a phenomenon similar to
the Bardeen-Cooper-Shrieer (BCS) instability, that leads to superondu-
tivity in metals and superuidity in liquid
3
He at low temperature, results
in the formation of diquark pairs and the onset of a olour superondut-
ing/superuid phase (see Se. 7.4). Therefore, the lower right region of the
diagram has similarities to a branh of ondensed matter physis; and it is
this region of the phase diagram with whih this thesis will be dealing.
7.3.3 Restoration of Chiral Symmetry
Before we go on to oloured BCS phenomenon (the area with whih this
thesis is onerned) we will disuss the restoration of hiral symmetry in the
various areas of the phase diagram, in partiular the areas of high T and µ,
i.e. the upper part around to the bottom right of the phase diagram.
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< ψ¯ψ >∼ 0 For Extreme T
It has been seen through numerial simulations that the onset of QGP o-
inides with the restoration of hiral symmetry[25℄. As you move from the
phase of bound strongly interating matter, at low temperature and density,
up to the high temperature region dominated by QGP there is seen to be a
drop in the vauum quark ondensate i.e. the order parameter < ψ¯ψ > tends
to zero in the QGP phase. However, to be preise it has been shown [13℄
that the order parameter < ψ¯ψ > doesn't stritly vanish, but rather drops
very steeply in the transition region, and this transition is seen to our at
Tc ≃ 170MeV . Thus, in the QCD phase diagram the formation of QGP
along the µ = 0 axis is naturally referred to as a rossover rather than a
true rst or seond order phase transition. In a hand waving way we an
interpret the "destrution" of the vauum quark ondensate as a result of
the high temperature inuene on the strong oupling onstant, g(T ). We
an say that at very high temperatures, where QGP ours, large energies
are exhanged in inter-partile ollisions, whih results in the weakening of
the strong interation due to asymptoti freedom. Therefore, as the energy
needed to exite quark anti-quark pairs is no longer below the binding energy
between them the quark ondensate does not form, whih in turn leads to
the restoration of hiral symmetry.
< ψ¯ψ >∼ 0 For Extreme µ
As previously disussed, to study the high density region of the QCD phase
diagram, i.e. above 2−3nB0 (and T ≈ 0), one must employ alternative mod-
els to lattie gauge theory suh as the MIT bag model and the NJL model.
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Eah model has its pros and ons: the most important harateristi of the
bag model is its property of quark onnement, and that of the NJL model
is hiral symmetry and its spontaneous breakdown in the vauum; on the
other hand the bag model violates hiral symmetry and the NJL model does
not possess onnement. So one must deide whih property is of greater
importane and employ the appropriate model. Through simulations, using
the NJL model, it is seen that as you inrease baryon density beyond the
nulear density nB0, i.e. move from the hadroni phase to that of strongly
interating matter, a phase transition takes plae from the hirally broken
phase to one of restored hiral symmetry [12℄. This restoration of hiral
symmetry in the high density regime an be onsidered due to the quarks
beoming the dominant degrees of freedom at this density. At extreme den-
sities (µ ∼ 1200MeV [13℄) hadrons strongly overlap, lose their individuality
and start to behave like one big mass of quark matter; whih is thought to
our in neutron stars. Being fermions, the quarks oupy the Fermi sea up
to the level EF . This leads to ψ¯ψ vauum exitations, for |k| ≪ kF , beoming
Pauli-bloked. Therefore, at some point, these pairs require so muh energy
to exite that it beomes preferable to revert to a hirally symmetri ground
state. In this way, at high density, hiral symmetry is restored.
7.4 Coloured BCS Phenomenon
7.4.1 BCS Proesses
In BCS theory the pairing of Fermions (known as Cooper pairs) leads to
the formation of Bosoni partiles, whih ondense and leave an energy gap
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Figure 7.4: ψψ pairing instability leading to super-ondutivity.
2∆ that is equal to the energy of the binding between the pair, Fig. 7.4.
In metals this BCS ondensation of eletrons leads to superondutivity, i.e.
the ow of eletri urrent without resistane. It is also seen that BCS on-
densation is aompanied by the breaking of the U(1) loal eletromagneti
gauge symmetry. Suh BCS proesses are also relevant in the study of super-
uidity (the ow of uid with negligible visosity). One type of superuid,
4He, is a Bosoni uid, and simply undergoes Bose-Einstein ondensation at
low temperatures. However,
3He, a Fermioni uid, undergoes a BCS type
proess whih leads to the ondensation of bound Cooper pairs. As both
superondutor and superuid have an energy gap, the way to distinguish
between the two is that a superuid is haraterised by a ground state whih
does not respet a global symmetry of the underlying ation.
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7.4.2 BCS in QCD
Due to the strong attration between quarks the BCS proess leads to some
interesting results in QCD. One of these, as we have already seen in se. 7.2.3,
is the ondensation of quark-antiquark pairs. This leads to spontaneous Chi-
ral symmetry breaking, and a resulting eetive quark mass whih is muh
higher than the urrent mass. Also, it is believed that at high densities,
when hiral symmetry is restored, and quarks are deonned, ondensation
of diquark pairs ours; and the resulting qq wave funtion is a gauge non-
singlet. This ondensation leads to the formation of an energy gap separating
the ground and exited states by 2∆. As in "orthodox" BCS proesses, this
ondensation of diquark pairs is aompanied by the breaking of loal olour
gauge symmetry, SU(3)c; and in analogy with eletromagneti superondu-
tivity this high density phenomenon is known as olour superondutivity
(CSC).
If we were able to ondut Lattie QCD simulations at µ 6= 0 it ould
be possible that we'd see the olour superonduting phase. However, due
to the sampling weight, used in Monte-Carlo methods, beoming omplex,
to study quark matter in the high density phase we require eetive eld
theories, suh as the NJL model. The NJL model is a purely Fermioni
model, ontaining no gauge degrees of freedom, and interations are simply
represented by a four-point interation. One of the most important features
that makes the NJL model an ideal eetive theory of QCD at high den-
sity is that it not only observes the same (Chiral) symmetries of QCD, but
the breaking of these symmetries in the vauum is analogous to BCS super-
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ondutivity. For this reason it is viewed as an appropriate model to study
oloured BCS phenomena. However, in the NJL model the qq wave funtion
is gauge singlet, whih implies the ground state is not superonduting, but
rather superuid
15
.
15
Another method to simulate the high density region of QCD is using 2 olour QCD,
whih also has a diquark ondensate gauge singlet state.
Chapter 8
The Nambu-Jona-Lasino Model
Quantum hromodynamis is the aepted theory of strong interations and
at short distanes is highly suessful. However, as disussed in the previ-
ous hapter, for larger distanes where perturbative tehniques break down
lattie gauge theory is required to alulate the QCD expetation values.
This method itself has problems suh as the requirement of huge omputing
power, problems assoiated with inluding fermions on a disretized lattie,
problems for µ 6= 0, et (See Se. 7.1.2). For this reason it is reasonable
to isolate the relevant physis assoiated with a proess of interest and on-
strut an approximate model of the exat theory that aentuates the main
features of the theory; to study strongly interating matter at high density
(i.e. µ 6= 0) we do just this. In this hapter we start o by disussing the
Nambu-Jona-Lasino (NJL) model as a model of QCD, its hiral symmetry
and other assoiated tehnial issues, and also the benets of its use for lattie
alulations at high density. We then go onto disuss the lattie transription
of the NJL model in 2 + 1 dimensions. Finally we disuss QCD alulations
involving the lattie NJL model in 2+1 dimensions, referring to the results
of [12℄ and how they relate to the investigations of this thesis.
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8.1 The NJL Model of QCD
Non-perturbative QCD alulations in the high density regime are next to
impossible due to the measure of the Eulidean path integral beoming om-
plex for baryon hemial potential µ 6= 0. This phenomenon, known as the
sign problem, involves the QCD path integral eetively generating mean-
ingless omplex probabilities. One way to overome this problem is by the
use of the pre-QCD model of Nambu and Jona-Lasino [23, 24℄. In this model
nuleons were onsidered to interat through a two body interation, and
the resulting lagrangian was symmetri under the full hiral symmetry group
given in Eqn. (7.11). However, in aordane with experimental observation
the U(1)A symmetry was later exluded.
As this theory was oneived before the advent of quarks, Nambu and
Jona-Lasino used nuleons as the elementary building bloks of the model.
In analogy to the eetive eletron-eletron interation in BCS theory the
nuleon-antinuleon attrative interation was onsidered to be responsible
for the formation of Cooper pairs of nuleons and antinuleons, whih results
in a nuleon ondensate. This ondensate would then lead to a vauum
mass gap and the breaking of hiral symmetry, where the pion ould then be
identied as the Goldstone boson ourring in the theory due to the breaking
of the axial symmetry.
With the possibility of quarks the NJL model an be reinterpreted as
a simple model of QCD, with the quarks taking the plae of the nuleons.
However in this simplied model the strong interation, mediated by the
gluons, is exluded; instead the interation between quarks is assumed to
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be a point-like four-point interation (for Nf = 2). This means it does not
desribe quark onnement - the phenomenon whereby single isolated quarks
are never observed. On the other hand the NJL model has other interesting
properties whih make it a suitable substitute for QCD, i.e. the model's
global symmetries and the patterns of their breaking are similar to those of
QCD [22℄.
8.1.1 NJL Lagrangian
In Eulidean spae, the original lagrangian density desribing the NJL model
with Nf = 2 quark avours in the isospin representation of SU(2) an be
written as
L = ψp(∂/ +m0)τ pq0 ψq −
g2
2
[(ψ
p
τ pq0 ψ
q)2 − (ψpγ5~τ pqψq)2] (8.1)
where ψ and ψ are independent Grassmann Dira 4-spinors representing the
quark elds, m0 is the urrent, or bare-mass of the quark, ~τ ≡ (τ1, τ2, τ3) is a
vetor of the 2× 2 Pauli matries, whih run over internal isospin or avour
degrees of freedom, and τ0 is the unit matrix.
When the NJL model was reinterpreted as a quark model, with ψ as the
quark eld with two avour and 3 olour degrees of freedom, it was kept in
the original NJL form (8.1), and in this thesis we will work with this form of
the model. However, Eqn. (8.1) is not unique and other hirally symmetri
interation terms an be inluded. A more general form of the NJL model is
given as [11℄:
L = ψp(∂/+m0)τ pq0 ψq−
g2
2
[(ψ
p
τ pq0 ψ
q)2−(ψp~τ pqψq)2+(ψpγ5τ pq0 ψq)2−(ψ
p
γ5~τ
pqψq)2]
(8.2)
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8.1.2 Bosonization
Through the introdution of auxiliary salar and pseudo-salar elds, σ and
~π, the NJL model an be rewritten in a bosonized form, whih makes it easier
to treat both numerially and analytially. Starting with the NJL Lagrangian
(8.1) we an introdue the generating funtional
Z ∼
∫
DψDψ¯ exp[
∫
d4xL(ψ, ψ¯)] (8.3)
Then using the fat that path integrals of Gaussian funtions an be per-
formed exatly [22℄,∫
DΦexp[
∫
d4x(±AΦ −BΦ2)] ∼ exp[
∫
d4x
A2
4B
] (8.4)
we an write:
exp[
∫
d4xG(ψ¯ψ)2] ∼
∫
Dσ exp{
∫
d4x[(ψ¯ψ)σ − 1
4G
σ2]}
exp[
∫
d4xG(ψ¯iγ5~τψ)
2] ∼
∫
Dπ exp{
∫
d4x[(ψ¯iγ5~τ · ~πψ)− 1
4G
~π2]}
(8.5)
where we have G = −g2
2
. Therefore, we an rewrite (8.3) in a bosonized form
as
Z ∼
∫
DψDψ¯DσD~π exp{
∫
d4x[ψ¯[∂/ +m0 + (σ + iγ5~τ · ~π)]ψ
− 1
4G
(σ2 + ~π · ~π)]} (8.6)
Now using Φ = σ + i~π · ~τ and σ2 + ~π · ~π = 1
2
TrΦ†Φ we have the bosonized
form of the NJL lagrangian:
L = ψ¯[∂/ +m0 + (σ + iγ5~τ · ~π)]ψ − 1
8G
TrΦ†Φ (8.7)
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8.1.3 Chiral Symmetry of the NJL Model
The simplest way to show that the NJL lagrangian is symmetri under hi-
ral transformations (7.9) is to use the bosonized lagrangian in (8.7). For
vanishing mass the kineti term an be easily shown to be symmetri
1
:
ψ¯γµ∂µψ → ψ¯V¯ γµ∂µV ψ = ψ¯γµ(V †LVLPL + V †RVRPR)∂µψ
= ψ¯γµ(PL + PR)∂µψ
= ψ¯γµ∂µψ (8.8)
However, the symmetry of the bosoni terms is a little more subtle. Bosoni
elds, as in the last term of (8.7), transform as[19℄:
Φ→ VLΦV †R (8.9)
Using this we an show that the rst bosoni term is symmetri, by rst
writing it in the form:
ψ¯(σ + iγ5~τ · ~π)ψ = ψ¯L(σ + i~τ · ~π)ψR + ψ¯R(σ − i~τ · ~π)ψL
= ψ¯LΦψR + ψ¯RΦ
†ψL (8.10)
where
Φ =
(
σ + iπ3 π2 + iπ1
−π2 + iπ1 σ − iπ3
)
(8.11)
Now under the hiral transformation we have:
ψ¯LV
†
LΦVRψR + ψ¯RV
†
RΦ
†VLψL (8.12)
whih is symmetri, as the bosoni eld Φ transforms as (8.9).
1V¯ V = V †RVLPL + V
†
LVRPR implies mass term breaks hiral symmetry (Se. 7.2.2).
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8.2 The Lattie Transription of the NJLModel
In this thesis we use the lattie transription of the NJL model in 2 + 1
dimensions, as used in [12℄. We replae the spae-time ontinuum with a
3-dimensional lattie, where eah site is separated from its nearest neigh-
bours by an arbitrary lattie spaing a. In dimensions d > 2 + 1 this lattie
spaing must be hosen for the eet of introduing an ultra-violet (UV)
uto Λ ∼ a−1, whih then regularises the divergenes and makes the theory
mathematially well-dened, however, in d = 2 + 1 dimensions the theory is
renormalizable and well dened on the lattie for an arbitrary uto[14℄
2
.
The struture of our model onsists of the fermion elds being dened on
the lattie sites x and the bosoni elds being dened on the dual lattie sites
x˜, translated from the original lattie by (1
2
, 1
2
, 1
2
). The spae-time integrals
and dierentials are represented by sums and nite dierenes, so that in the
staggered fermion notation the noninterating quark ation
S =
∫
d3xψ¯(∂/ +m0)ψ (8.13)
is given by
S =
∑
x
a3{ 1
2a
2∑
ν=0
ην(x)[(χ¯xχx+νˆ)− (χ¯xχx−νˆ)] +m0(χ¯xχx)} (8.14)
where χ¯ and χ are the Grassmann-valued staggered fermion elds dened
on the lattie sites, and ην(x) is the Kawamoto-Smit phase (−1)x0+...xν−1.
Now, using this denition of the free ation, we an go onto desribe the
onstrution of the full NJL model as used in this thesis.
2
As the interation between quarks is assumed to be a point-like in harater, the
theory is not renormalizable for dimensions greater than 3 + 1.
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Lattie NJL Model for µ = 0
The NJL model on the lattie for µ = 0, in its bosonised form, is dened by
the Eulidean ation
S =
∑
x
χ¯M [Φ]χ +
1
g2
∑
x˜
trΦ†Φ
where χ, χ are, as before, the fermioni elds dened on the lattie sites, and
Φ ≡ σ+ i−→π · −→τ is a 2× 2 matrix of bosoni auxiliary elds, again as before,
dened on the dual lattie sites. Also, M [Φ] is the kineti operator, and is
in the form for staggered lattie fermions interating with salar elds,
Mpqxy =
1
2
δpq
2∑
ν=0
[ην(x)(δyx+νˆ − δyx−νˆ) + 2mδxy]
+
1
8
δxy
∑
<x˜,x>
[σ(x˜)δpq + iε(x)~π(x˜) · ~τ pq] (8.15)
Here the parameters are bare fermion mass m and oupling onstant g2. The
Pauli matries, ~τ , are normalized to tr(τiτj) = 2δij and at on the internal
SU(2) isospin indies p, q = 1, 2, and ε(x) denotes the phase (−1)x0+x1+x2.
Finally we have < x˜, x >, whih represents the sum over the set of 8 dual
lattie sites neighbouring x. In this bosonized form we an integrate over the
auxiliary Φ elds whih leads to an equivalent ation in terms of fermions
that self-interat via a four-point ontat term proportional to g2, as shown
in Se. 8.1.2.
Lattie NJL Model for µ 6= 0
To introdue a hemial potential µ into a fermioni eld theory we must
inorporate a term of the form Lµ = µψ¯γ0ψ into the fermioni Lagrangian.
The inlusion of this term an be understood in a simple way by onsidering
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that to introdue a soure into a Lagrangian we must inorporate a soure
term of the type Lsource = Jφ, where J is the soure for the eld ψ. Therefore,
as ψ¯γ0ψ ∼ ψ†ψ is the quark number operator Nq, we an think of µ as a
soure for this operator, whih leads to the reation of fermions over anti-
fermions as a more energetially favourable proess. Therefore, the hemial
potential term would then be inorporated into the partition funtion in
the usual way, as e−µNq . However, introduing a hemial potential in a
disretized eld theory is not as simple. We annot simply implement a term
of the form given above and naively disretise it, as it an be shown that this
leads to divergenes in the energy density of the theory [25, 26℄. This an be
resolved if we onsider that inorporating a hemial potential in the form
given above is like the zeroth omponent of a vetor potential interation
term in a fermioni Lagrangian, ψ¯γµψA
µ ⇒ ψ¯γ0ψA0. Thus, due to this
similarity to a gauge eld, we must inorporate the hemial potential term
in a "gauge-invariant" way. This is done by introduing µ into the zeroth
derivative by multiplying the forward time dierene by eµ and the bakward
time dierene by e−µ. In this way the kineti operator (8.15) beomes
Mpqxy =
1
2
δpq[(eµδyx+0ˆ − e−µδyx−0ˆ)
+
∑
ν=1,2
ην(x)(δyx+νˆ − δyx−νˆ) + 2mδxy]
+
1
8
δxy
∑
<x˜,x>
[σ(x˜)δpq + iε(x)~π(x˜) · ~τ pq] (8.16)
Introdution of the Diquark Soures
Due to limitations of omputer memory we are fored to work on a nite
volume system, and working under suh onditions leads to ertain ompli-
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ations. One suh issue is that due to nite volume eets on spontaneous
symmetry breaking. A simple example of this phenomenon is seen in the
O(N) model. One of the most important properties of this model is the
eet of spontaneous spin symmetry breaking at the ritial temperature,
Appendix B. In the 2-dimensional O(N) model, above the ritial temper-
ature, the spins at eah lattie site are randomly orientated due to thermal
utuations, hene we have the average value < Si >= 0. When we hit the
ritial temperature, thermal utuations beome less dominant ompared
to spin interations and the orrelation length inreases, this in turn leads
to spontaneous magnetisation (i.e. magnetisation with a zero external eld).
Then, at T = 0 the magnetisation is at its maximum, and the orrelation
length is omparable to the size of the lattie. However, it is seen that suh
eets only our in the thermodynami limit
M = lim
N→∞
1
N
∑
i
< Si > 6= 0 (8.17)
These nite volume eets are shown in Fig. 8.1, whih shows magnetisation
verses external magneti eld. It an be seen that spontaneous symmetry
breaking only ours in the limit of N → ∞. So how an we simulate an
innite lattie? This problem an be overome in omputational alulations
by inluding a symmetry breaking term that represents the external eld.
Therefore, for a nite volume system we an ondut simulations with various
values of the external eld, suh as the magneti eld H in the O(N) model,
and then extrapolate to the limit of the eld going to zero, H → 0. This
then gives the spontaneous magnetisation value of the system at temperature
T . A similar problem is seen in the study of hiral symmetry breaking,
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Figure 8.1: Magnetisation M against external eld H .
where we inlude a nite bare mass m to allow the measurement of the
hiral ondensate < ψ¯ψ > on a nite volume. It is for a similar reason
we inlude the diquark and anti-diquark symmetry breaking terms, whih
allows us to measure the values for < ψψ > and < ψ¯ψ¯ > ondensates.
The implementation of suh diquark symmetry breaking terms requires the
introdution of diquark and anti-diquark elds j and j¯ that an be taken to
zero for the innite volume system. Therefore, in analogy with the mass term
(for the measurement of the hiral ondensate), and the external eld term
(in the O(N) model for the measurement of spontaneous magnetisation) we
inlude the following terms into the NJL Lagrangian:
jχtrτ2χ + j¯χ¯τ2χ¯
tr
(8.18)
Final Form of the Model and its Symmetries
We an now write down the full NJL model, as studied in this thesis:
SNJL = Sfer + Sbos (8.19)
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where the fermioni and bosoni parts of the ation are:
Sfer =
∑
x
χ¯M [Φ]χ + jχtrτ2χ+ j¯χ¯τ2χ¯tr (8.20)
Sbos =
1
g2
∑
x˜
trΦ†Φ (8.21)
where M [Φ] is given in Eqn. (8.16). To onstrut the partition funtion of
this system we rewrite the fermion part of the ation by dening a bispinor
Ψtr = (χ¯tr, χ). In this, Gor'kov, basis we an write the fermion ation as
Sfer = Ψ
trAΨ (8.22)
where the Nambu-Gor'kov matrix A is
Apqxy =
(
j¯τ pq2 δxy
1
2
Mpqxy
−1
2
M qpyx jτ
pq
2 δxy
)
(8.23)
In this basis we an integrate out the fermion elds, whih leaves us with the
following Eulidean path integral:
Z =
∫
DΦ†DΦ
√
det 2A exp(−Sbos(Φ)) (8.24)
The disretized NJL model, given by Eqns. (8.19)-(8.21) and (8.16), still has
the full QCD symmetry SU(2)L×SU(2)R×U(1)B , as disussed in se. 8.1.3.
But now the projetion operators (7.6) beome PR/L → Pe/o = 12 [1 ± ε(x)],
whih projet onto even and odd sublatties, respetively; and the transfor-
mations take the form:
χ → (VePe + VoPo)χ χ¯→ χ¯(PeV †e + PoV †o )
Φ → VoΦV †e [Ve, Vo ∈ SU(2)] (8.25)
χ → eiα χ¯→ χ¯e−iα [eiα ∈ U(1)B] (8.26)
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The symmetry of the diquark soure terms, Eqn. (8.18), requires an extra ex-
planation. These terms were added to break baryon symmetry, U(1)B, hene
allowing the measurement of the diquark ondensate as j → 0. Therefore,
under the transformation (8.26) it is not symmetri,
jχtrτ2χ + j¯χ¯τ2χ¯
tr → jχtrτ2χei2α + j¯χ¯τ2χ¯tre−i2α, (8.27)
where the symmetry is restored for vanishing j and j¯. Under the SU(2) sym-
metry, (8.25), the terms are still symmetri. We an show this by onsidering
only the j term:
jχtrτ2χ → jχtr(V tre Pe + V tro Po)τ2(VePe + VoPo)χ
= jχtr(V tre τ2VePe + V
tr
o τ2VoPo)χ
(8.28)
Now using the identity: τ2Uτ2 = U
∗
we an write
3
:
jχtr(τ2V
†
e VePe + τ2V
†
o VoPo)χ = jχ
trτ2(Pe + Po)χ
= jχtrτ2χ (8.29)
whih shows the symmetry of the diquark soure term (similarly for the
anti-diquark soure term).
8.3 QCD Dynamis using the NJL Model
Previous studies of the 2 + 1d NJL model have shown that a strong rst
order phase transition, at µc ≃ Σ ≃ 0.65, takes plae to a hirally symmetri
3
Transpose of this identity gives: (−τ2)U tr(−τ2) = U † ⇒ U trτ2 = τ2U †.
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state [12℄. This transition is seen to be aompanied by the onset of a non-
vanishing density of baryon harge in the ground state. However, in this
high density region it is also seen, for 2 + 1 dimensions, that there is no
diquark ondensation and the U(1)B symmetry is not broken, and there's
no evidene of a non-zero energy gap. More interestingly, it is seen that the
diquark ondensate sales non-analytially at high density, < ψψ >∝ j 1δ .
In this setion we will look at how these results were determined, and more
importantly (for our work) how the non-analyti behaviour of the diquark
ondensate ould imply superuidity.
8.3.1 Phase Transitions at High Density
Chiral Condensate
Chiral symmetry restoration is signalled by the rst order transition of the
hiral ondensate, < ψ¯ψ >→ 0, whih is determined as:
< ψ¯ψ > =
1
V
∂ lnZ
∂m
=
1
ZV
∂Z
∂m
=
1
ZV
∂
∂m
∫
DΦ†DΦ
√
det 2A exp(−Sbos(Φ))
=
1
ZV
∫
DΦ†DΦ1
2
1√
det 2A
∂(det 2A)
∂m
exp(−Sbos(Φ))
(8.30)
using det 2A = exp(tr ln(2A)), we have:
< ψ¯ψ > =
1
ZV
∫
DΦ†DΦ1
2
tr(
2 ∂A
∂m
2A )
det 2A√
det 2A exp(−Sbos(Φ))
=
1
ZV
∫
DΦ†DΦ1
2
tr(A−1 ∂A
∂m
)
√
det 2A exp(−Sbos(Φ))
(8.31)
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From (8.16) and (8.23) we have
∂A
∂m
=
(
0 1
2
δ
−1
2
δ 0
)
(8.32)
therefore (8.31) beomes
< ψ¯ψ >=
1
Z
∫
DΦ†DΦ 1
4V
tr(A−1
(
0 1
2
δ
−1
2
δ 0
)
)
√
det 2A exp(−Sbos(Φ))
(8.33)
Then, the expetation we alulate is:
< ψ¯ψ >=<
1
4V
tr(A−1
(
0 1
2
δ
−1
2
δ 0
)
) > (8.34)
Baryon Charge Density
As hiral symmetry is restored at high density, and nuleons dissoiate into
quarks, there is seen to be an onset of a non-vanishing density of baryon
harge in the ground state, nB =< ψ¯γ0ψ >, whih is determined using Eqn.
(8.24),
nB = < ψ¯γ0ψ >=
1
V
∂ lnZ
∂µ
=
1
ZV
∂Z
∂µ
=
1
ZV
∫
DΦ†DΦ1
2
tr(A−1∂A
∂µ
)
√
det 2A exp(−Sbos(Φ))
(8.35)
where, as before, we nd using (8.16) and (8.23)
∂A
∂µ
=
(
0 1
2
∂M
∂µ
−1
2
∂M tr
∂µ
0
)
(8.36)
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where
∂M
∂µ
=
1
2
δpq[exp(µ)δy,x+0ˆ + exp(−µ)δy,x−0ˆ]
∂M tr
∂µ
=
1
2
δpq[exp(µ)δx+0ˆ,y + exp(−µ)δx−0ˆ,y]
=
1
2
δpq[exp(µ)δy,x−0ˆ + exp(−µ)δy,x+0ˆ]
(8.37)
Now, dening:
X = ∂A
∂µ
=
1
4
(
0 δpq[eµδy,x+0ˆ + e
−µδy,x−0ˆ]
−δpq[eµδy,x−0ˆ + e−µδy,x+0ˆ] 0
)
(8.38)
we then have:
< ψ¯γ0ψ >=
1
Z
∫
DΦ 1
2V
tr(A−1X )
√
det 2A exp(−Sbos(Φ)) (8.39)
We then determine the baryon density by the expetation:
nB =<
1
4V
tr(A−1X ) > (8.40)
These transitions in the hiral ondensate and the baryon density an be
seen in Fig. 8.2, from whih we an note the strong rst order transition at
µ = 0.65.
8.3.2 Diquark Condensation
The diquark ondensates < ψψ > are alulated in a similar way to the
previous expetation values, but this time the derivatives of the partition
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Figure 8.2: Chiral ondensate Σ and baryon harge density nB as a funtion
of µ (from [12℄).
funtion are taken with respet to the diquark soure (or the anti-diquark
soure for < ψ¯ψ¯ >):
< ψψ >=
1
V
∂ lnZ
∂j
(8.41)
In order to eetively study diquark ondensation the operators ψψ± are
dened as:
< ψψ± >=
1
2V
(
∂ lnZ
∂j
± ∂ lnZ
∂j¯
)
(8.42)
with orresponding soure strengths j± = j ± j¯, so when j = j¯ ⇒ j− = 0.
Then diquark ondensation is given by:
< qq+ >=
1
V
∂ lnZ
∂j+
=
1
4V
< trτ2A−1 > (8.43)
Then, the non-vanishing of (8.43) in the limit j+ → 0 is a riterion for the
formation of a diquark ondensate and the resulting spontaneous breakdown
of the U(1)B symmetry.
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Critiality and Superuidity
However, in [12℄ it was seen that the diquark ondensate does not extrapolate
to a non-zero value for high density, but sales non-analytially to zero as
< ψψ >∝ j 1δ , (8.44)
implying no breakdown of U(1)B symmetry. It was then suggested that this
behaviour ould be due to working in 2+1 dimensions. The MerminWagner
theorem predits: there an be no phase transition to a state with long-range
order at nite temperature for a two dimensional system with a ontinuous
global symmetry[29℄. This was supported in [15℄, where diquark ondensation
and an energy gap were observed in simulations of the 3+1d NJL model.
It is also seen that the exponent δ varies ontinuously with hemial po-
tential, µ, taking the value δ ≈ 3 at µ = 0.8 and ≈ 5 at µ = 0.9. This
suggests a line of ritial points for µ > µc. This type of behaviour is simi-
lar to that observed in other 2-dimensional ritial thermodynami systems.
For a spin system (XY model) at its ritial temperature the spontaneous
magnetisation,M , sales with applied magneti eld, H , as M ∝ H 1δ , where
again the exponent forms a line of ritial points.
4
The simplest desription of a ritial system is given by the XY model,
for whih long range order would also spontaneously break a U(1) global
symmetry. Using this system Kosterlitz and Thouless (KT) desribed the
ritial behaviour, of a 2 dimensional system, as a onsequene of binding
and unbinding of vortex pairs at a ritial temperature TKT (Appendix B).
4
A similar non-analyti behaviour is seen for a fermioni model exhibiting hiral sym-
metry breaking: < ψ¯ψ >∝ m 1δ .
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Applying this to a 2-dimensional superuid, the ritial temperature is seen
to be the point where superuid vorties bind and unbind. Thus, above
the ritial temperature when the vorties are free they experiene long-
rang mutual interations leading to the behaviour of a visous uid; but
below the ritial temperature vortex-antivortex pairs bind, reduing long
range interation, resulting in superuid behaviour. The jump from the spin
XY model to superuids omes from the fat that we replae the total spin
angle (of vortex-antivortex pairs) in the XY model by the phase angle of the
possible superuid ondensate wave funtion (Appendix B.3). Therefore, (as
was onjetured in [12℄) in analogy to the non-analyti behaviour displayed
by the XY model the high density (and low temperature) ritial phase of the
2+1d NJL model an be onsidered to be a gapless thin lm BCS superuid.
In the rest of this thesis we will investigate this possible superuid be-
haviour of 2+1d NJL model. This will be done by extending the baryon
density to a baryon three urrent by the use of Ward Identities. Then, by
the use of a spatially varying diquark soure we will introdue a gradient
in the diquark pair wave funtion, whih should fore a ow of the baryon
urrent, and hene result in a measurable signal. Using this urrent signal
we will explore its behaviour (using the heliity modulus, Υ, Se. 9.2) with
variations in spatial volume, temperature, and diquark soure. We will also
attempt to isolate the superuid (and non-superuid) states of the 2+1d NJL
model with respet to hemial potential and temperature. The variation of
superuidity with respet to temperature will be of most importane. The
temperature where superuidity hanges from zero to non-zero should be
the ritial point of the system, i.e. the point where vortex and antivortex
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pairs ome together to form the superuid phase. If this ritial point of the
NJL model oinides with the ritial point predited by the KT theory, this
would then be strong evidene that the ritial phase of the 2+1d NJL model
ould be a gapless thin lm BCS superuid.
Chapter 9
Fored Baryon Current Flow
Chiral symmetry restoration of the 2 + 1d NJL model is aompanied by
the onset of baryon harge density nB, as disussed in Se. 8.3; in the
rst part of this hapter we will extend this baryon density to a baryon
3-urrent Iµ, where nB is the timelike omponent, I0, of the urrent. We
will then implement a twisted diquark soure i.e. a periodially varying
soure spanning the whole system. In the nal setion we will then ondut
simulations with this twisted soure; these will involve omparing the indued
baryon 3-urrent with the onstant soure to one with a twisted soure. We
will show that by introduing a twisted soure we introdue a diquark phase
gradient between the system sites, this then results in a non-zero superuid
urrent. We will then present the results of the eets on this baryon 3-
urrent, as a result of variations in spatial volume, temperature (i.e hanges
in temporal volume) and number of yles of the diquark soure.
108
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9.1 Simulating the Baryon 3-Current
In Se. 8.3 we saw that the baryon harge density is given by:
I0 ≡ nB ≡< ψ¯γ0ψ >= 1
V
∂ lnZ
∂µ
=<
1
4V
tr(A−1X ) > (9.1)
This was easily derived, as the NJL lagrangian ontains a hemial poten-
tial term, whih allows simple measurements of the baryon harge density.
This harge density an be denoted as the timelike omponent of a baryon 3-
urrent, whih is the onserved Noether urrent assoiated with baryon num-
ber onservation U(1)B, Eqn. (7.13). The assoiation of a onserved Noether
urrent to a global symmetry in ontinuum eld theory has an equivalent
in Eulidean quantum eld theory: known as the Ward-Takahashi identi-
ties. These identities an be derived for a general ation (Using the naive
fermions):
S ∼ 1
2
∑
xν
(ψ¯xγνψx+ν − ψ¯xγνψx−ν) (9.2)
with a partition funtion:
Z =
∫
DψDψ¯e−S (9.3)
If this partition funtion is invariant under a simple U(1) transformation:
ψx → ψxeiα ψ¯x → ψ¯xe−iα (9.4)
we an derive the Ward-Takahashi identities, and hene the onserved ur-
rents of the symmetry. Under the U(1) transformation, the above ation
beomes:
S → 1
2
∑
xν [e
−iα(ψ¯xγνψx+ν − ψ¯xγνψx−ν)
+ eiα(ψ¯x−νγνψx − ψ¯x+νγνψx)] (9.5)
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whih an be written as S → S + δS, where
δS ∼ − iα
2
[(ψ¯x+νγνψx + ψ¯xγνψx+ν)
− (ψ¯xγνψx−ν + ψ¯x−νγνψx)] +O(α2)
= −iα∇−ν Iν(x) (9.6)
where the nal line, known as the Ward identity, is written in terms of the
bakwards operator,∇−ν , and Iν(x) is given as:
Iν(x) =
1
2
(ψ¯x+νγνψx + ψ¯xγνψx+ν) (9.7)
This an be shown to be the onserved urrent of the U(1) symmetry, by
writing the transformed partition funtion as
1
:
Z ′ =
∫
Dψ′Dψ¯′e−S(ψ′,ψ¯′)e−δS(ψ′,ψ¯′)
=
∫
Dψ′Dψ¯′(1− iα∇−ν Iν(x))e−S(ψ
′,ψ¯′)
= Z
⇒ < ∇−ν Iν(x) >= 0 (9.8)
The last line shows a zero expetation value of the Ward identity. This then
implies that the urrent Iν(x) is onserved.
Now the onserved urrent in Eqn. (9.7) an be used to determine the
urrent omponents I1 and I2 assoiated with the U(1)B global symmetry. In
order to do this we an ompare our NJL ation, Eqn. (8.16) and (8.19), with
the above ation, Eqn. (9.2), so we an write the Ward urrent omponents
1DψDψ¯ → Dψ′Dψ¯′ as the Jaobian=1.
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for our NJL model as:
I0(x) =
1
2
(eµχ¯xχx+0ˆ + e
−µχ¯xχx−0ˆ)
Ii(x) =
1
2
(ηiχ¯xχx+iˆ + ηiχ¯xχx−iˆ) (9.9)
where i = 1, 2. Now omparing the I0 omponent with the baryon harge
density expetation value, Eqn. (8.40), we an adjust the matrix (8.38) to
orrespond with the Ii omponents. Then the equivalent matrix for the Ii
omponents is given by:
X ⋆i = 1
4
(
0 δpqηi[δy,x+iˆ + δy,x−iˆ]
δpqηi[δy,x−iˆ + δy,x+iˆ] 0
)
(9.10)
where the expetation value of the baryon urrent density, Ii, are given as
2
:
Ii ≡< ψ¯γiψ >=< 1
4V
tr(A−1X ⋆i) > (9.11)
where i = 1, 2.
9.2 Introduing the Twisted Diquark Soure
Previous simulations, as in [12℄, were onduted using a onstant diquark
soure,
jψψ + j¯ψ¯ψ¯ (9.12)
where j = j¯ = j0. This was suient to fore diquark ondensation and
derive physially meaningful results in the limit j → 0. Suh simulations
have shown, as the Mermin-Wagner theorem states, there is no observable
diquark ondensation for the 2 + 1d NJL system. However, the diquark
2
These expetation values are alulated using the Hybrid Moleular Dynamis (HMD)
ode, Appendix D.
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ondensate behaves in a non-analyti way, whih ould imply the existene
of a type of superuid phase at high density (disussed in Se. 8.3.2). Suh a
two dimensional superuid state, without an obvious diquark ondensation
phase, an be assoiated with the binding [and unbinding℄ of vortex pairs
that leads to the ritial phase, as in the XY model (Appendix B). For our
NJL system the vorties an be assoiated with the phase of the urrent
arrying superuid partiles, i.e. the phase of the diquark pairs:
< ψψ > (~x) = ϕ(~x)diquark = ϕ0 exp(iθ(~x)) (9.13)
Where θ(~x) is the phase orresponding to the external diquark soure; where
for a onstant real soure, as used in [12℄, the phase is θ = 0.
We an now substitute Eqn. (9.13) into the urrent density:
~I ∼ (ϕ~∇ϕ∗ − ϕ∗~∇ϕ), (9.14)
whih will give us the baryon urrent density over the x-y plane, i.e. the
omponents I1 and I2:
~I = Υ~∇θ(~x), (9.15)
where Υ is dened as the onstant of proportionality between the urrent
density and the gradient of the phase of the superuid omponents, Υ =
(φ0)
2
, and is known as the heliity modulus(Appendix B)[38℄. From this we
an see that using the onstant soure above, or a omplex onstant diquark
soure:
j = j0 exp(iθ) j¯ = j0 exp(−iθ), (9.16)
where θ is a real onstant, we have no gradient over the x-y plane:
~∇θ = 0 (9.17)
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This zero gradient leads to a zero urrent density. For this reason, we must
implement a soure that generates a non zero gradient over the x-y plane,
whih would then lead to a spatially varying diquark wave funtion, whih
in turn implies a non-zero urrent density. If we introdue a "twisted" (or
periodi) soure:
j = j0 exp(iθ(~x)) j¯ = j0 exp(−iθ(~x)) (9.18)
where the phase, dependent on spatial position, is given as
3
:
θ(~x) = 2π
x1
L1
+ 2π
x2
L2
(9.19)
then, depending on the diretion of the twist, this leads to a non-zero urrent
density, given by inserting (9.19) into (9.15):
I1 = Υ
2π
L1
I2 = Υ
2π
L2
(9.20)
So, in an attempt to fore a superuid urrent ow, we implemented a gen-
eralised version of (9.18),
j = j0 exp(i2πn1
x1
L1
) j¯ = j0 exp(−i2πn2 x2
L2
) (9.21)
where n1 and n2 are the number of yles in the soure spanning the lattie.
Thus, similarly to (9.20), the baryon urrent should beome:
I1 = Υ
2π
L1
n1 I2 = Υ
2π
L2
n2 (9.22)
Also, as the baryon harge density would only depend on the magnitude of
the diquark soure, the signal for I0 should be unaeted with this twisting
of the soure.
3L1 and L2 are the x-spae and y-spae dimensions of the lattie.
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9.3 Simulations of the 3-urrent
Running simulations, as is often the ase, is a time onsuming task. Eah run
of the Hybrid Moleular Dynamis (HMD) ode
4
, with partiular magnitudes
of diquark soure |j| = j0 and density (hemial potential) µ, generates
results for one value of
~I. So, in order to reate a plot of baryon urrent
as a funtion of j with 9 points, we had to run 9 simulations - for one
partiular value of hemial potential. Then, to plot the extrapolated value
of baryon urrent (as j → 0) as a funtion of µ, with 10 points, would
mean we need to run 90 simulations. Taking into aount the fat that these
simulations were onduted with variations in spatial dimensions Ls (to study
nite volume eets) and variations in the temporal dimension Lt (to study
eets due to temperature variation), we were looking at over 1000 runs. So
in an attempt to eliminate unneessary runs we onduted our study in two
parts. This setion represents the preliminary study of the superuid phase.
Here we start o rst by testing the baryon three urrent with the twisted
soure. Then we go on to study the general thermodynami behaviour of
the superuid state; that is, we analyse how the baryon urrent behaves at
high and low temperatures and hemial potentials, without running detailed
simulations in the intermediate transition period. In this way, if we see a
jump in the superuid urrent from high temperature to low temperature,
we ould then go and study the transition period, and relate it to the KT
transition as desribed by the XY model. Then in a similar way we ould
study the eet of the urrent with respet to hanges in hemial potential.
4
See Appendix D.
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Physial Units
The simulations in this work were onduted with a strong oupling g2 = 2.0
orresponding to Σa = 0.71, as in [12℄; where the result Σa is the dimen-
sionless measure of the onstituent quark mass. In the same way our mea-
surements of the heliity modulus, from the HMD simulations, will be in the
dimensionless form Υ = Υ0a, determined by a straight line extrapolation
of the baryon urrent against diquark soure. Therefore, in order to obtain
physially meaningful results we will need to take the ratio:
Υ0
Σ
=
Υ0a
Σa
=
Υ
0.71
(9.23)
This will beome neessary in Chapter. 10, when we relate our measured
value of Υ to temperature.
9.3.1 Constant and Twisted Diquark Soure
In Fig. 9.1 we have plotted all the omponents of the baryon 3-urrent as a
funtion of the onstant diquark soure j = j¯ = j0. In this plot it an be
seen that the only non zero parts are the baryon harge density I0. This is as
we expeted, as the onstant soure produes no gradient, hene there is no
superuid baryon urrent ow, i.e. I1 = I2 = 0. In Fig. 9.2 we have plotted
the non-zero omponents of the baryon 3-urrent with the twisted diquark
soure (9.21). We onduted two sets of simulation, the rst was with the
soure only twisted in the x diretion, and the seond with the soure only
twisted in the y diretion. We found, as expeted, that for a twist in the
x diretion we had a super urrent signal I1 6= 0 and for a twist in the y
diretion we had a signal I2 6= 0. These simulations were onduted for the
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Figure 9.1: Real and Imaginary parts of the baryon 3-urrent, Iµ, as a fun-
tion of onstant diquark soure, j. (Lattie Size=16× 16× 64)
same magnitudes of the diquark soure, so that both simulations gave the
same signal for the baryon harge density I0 = nB. It is also seen that the
signals generated for the super urrents I1 and I2 are idential; this is obvious
from eqn. 9.22 if we have L1 = L2 and n1 = n2. Therefore in the rest of the
simulations we only onduted simulations for a twist in the y diretion, and
assumed that a twist in the x diretion would give idential results.
9.3.2 Twisted Soure with n-Cyles
We onduted simulations to test how the baryon urrent, I2, hanged as we
varied the number of yles (or twists) in the diquark soure, n2. This was
done for high and low hemial potential µ = 0.8 and 0.2, and the results
have been plotted in Fig. 9.3. You an note that as you inrease the number
of yles for the low hemial potential, µ = 0.2, the Iµ ∝ j2 behaviour,
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Figure 9.2: Non-zero omponents of baryon 3-urrent, Iµ, as a funtion of
twisted diquark soure jµ, with n1 = n2 = 1. (Lattie Size=16× 16× 64)
Figure 9.3: Baryon urrent, omponent I2, as a funtion of twisted diquark
soure, j2, for various values of = n2. (Lattie Size=16× 16× 24)
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whih is more prominent in Figs. 9.6 and 9.7, beomes more pronouned.
However, at high µ, the behaviour shifts from an approximate linear t
(Iµ ∝ j) to a paraboli t (Iµ ∝ j2). This shift then leads to a zero extrapola-
tion of the baryon urrent as j → 0. So as you inrease the number of yles
the baryon urrent eases to ow. This shift and the resulting destrution
of the baryon urrent an be onsidered due to nite volume eets. From
Eqn. (9.22) it an be seen that inreasing n from 1 to 2 yles has an eet of
dereasing the wavelength from L to L/2. Therefore, inreasing the lattie
size would ounterat the eet of inreasing the number of yles. This an
be seen in Fig. 9.4 where we have plotted the baryon urrent, I2, against
diquark soure with n = 2 yles. We have also plotted the a baryon urrent
for n = 1/2. However, due to periodi boundary onditions the results for
non-integer values of n do not oinide with those of the physially relevant
urrent signals, orresponding to integer values of n. This is seen learly
from the plots for Ls = 16, n = 0.5 and Ls = 32, n = 1, in Fig. 9.4.
It an also be noted that by using dierent size spatial dimensions we
obtain very dierent baryon urrents, so the baryon urrent is dependent on
the spatial lattie size. In order to obtain a result that is independent of
spatial dimensions, we need to work with the heliity modulus, whih will
only vary depending on spatial size as a result of nite volume eets. The
use of the Heliity modulus will be disussed in further detail in Se. 9.4.
9.3.3 Eets of Temperature and Density Variation
In Fig. 9.5 we have plotted the baryon urrent, I2, as a funtion of diquark
soure, for a xed spatial volume (Ls = 16), two values of hemial potential
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Figure 9.4: Baryon urrent, omponent I2, as a funtion of twisted diquark
soure, j2, for = n2 = 1, 2 and 0.5 and lattie size Ls = 16, 32, and Lt = 24
Figure 9.5: Baryon urrent, I2, as a funtion of twisted diquark soure, j, for
various time dimensions and xed spae, Ls = 16.
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and various time dimensions (Lt). At low hemial potential, µ = 0.2, it an
be seen that there is not muh variation in I2 with hanges in temperature
(T = 1/Lt). However, at high hemial potential, µ = 0.8, the urrent an
be seen to ollapse onto a straight line as you derease temperature. By
Lt = 128 it beomes lear that I2 extrapolates to a non-zero value as j → 0.
From these results we deided to ondut further simulations using Lt = 64,
as this gives us results omparable to Lt = 128, however in a third of the
CPU time.
In Fig. 9.6 we have plots of various µ at low temperature (Lt = 64). It
an be seen that the urrent behaves in a fundamentally dierent way at
high density (µ ≥ 0.68) ompared to low density (µ ≤ 0.65). As we go from
high to low µ the negative urvature of the high density phase shifts sharply
to a strong quadrati type, whih an then be extrapolated to I2 = 0. In
this way we an determine the ritial hemial potential for the onset of
superuidity as 0.65 < µc < 0.68, whih is also the region of hiral symmetry
restoration i.e. µc ∼ 0.65 (Fig. 8.2). On the other hand, it an be seen from
Fig. 9.7 that at high temperature (Lt = 4), all the hemial potential urves
follow a quadrati extrapolation to I2 = 0 at j = 0. So, at high temperature
no superuid state exists. Also, even though we have a possible linear
extrapolation for the low temperature and high density phase, as seen in
Fig. 9.5 (for Lt = 128), we do not have a systemati method of extrapolating
to j → 0 for µ ≥ µc in general, therefore we are unable to make any deisive
statement about the nature of the transition.
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Figure 9.6: Baryon urrent, I2, as a funtion of twisted diquark soure, j, for
various hemial potential (µ) at low temperature (Lt = 64). (Ls = 16)
Figure 9.7: Baryon urrent, I2, as a funtion of twisted diquark soure, j, for
various hemial potential (µ) at high temperature (Lt = 4). (Ls = 16)
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I2 as a Funtion of j
The behaviour of the baryon urrent, I2, as a funtion of soure, j, an be
summarised as:
I2(j, µ, T ) = I2(0, µ, T ) + A(µ, T )j +B(µ, T )j
2
(9.24)
At low temperature, and for high µ (as for the ase µ = 0.8 in Figs. 9.5 and
9.6) we have: B = 0 and A 6= 0, and a possible straight line t extrapolates
(as j → 0) to I2(0, µ) 6= 0. However, for low µ (as for µ ≤ 0.65 in Fig. 9.6)
we have: A = 0 and B 6= 0 whih leads to a j2 t, extrapolating (as j → 0)
to I2(0, µ) = 0. On the other hand, at high temperature this behaviour
hanges (Fig. 9.7), here the extrapolation is of the form j2 for all values of
µ, i.e. I2(0, µ, T ) = A(µ, T ) = 0. The extrapolation shift from j to j
2
an
be understood if we have dierent wave funtions for the urrent arrying
superuid partiles at dierent hemial potentials:
φ(~x) = φ0j0 exp(iθ(~x)) µ < µc
φ(~x) = φ0 exp(iθ(~x)) µ > µc (9.25)
The linear j0 dependene, at low hemial potential, is expeted due to the
fat that there should be no diquark ondensate for µ < µc; so φ → 0 as
j → 0. In this way, using Eqn. (9.14), the baryon urrent is:
~I ∼ φ20j20 ~∇θ(~x) µ < µc
~I ∼ φ20~∇θ(~x) µ > µc (9.26)
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and in the limit j → 0, we have:
~I ∼ 0 µ < µc
~I ∼ φ20~∇θ(~x) = onstant µ > µc (9.27)
whih is the behaviour of the baryon urrent as seen throughout our simula-
tions.
9.4 Finite Volume Eets
We have, so far, been working with the baryon urrent, I2, for example in
Fig. 9.6 we have plotted the urrent against diquark soure. However, this
is not the most appropriate variable to work with, due to its dependene on
spatial volume, as we saw briey in Se. 9.3.2. This dependene on spatial
volume an be seen learly when we ondut simulations for a xed tem-
perature, but diering spatial sizes: in Fig. 9.8 it an be seen that, at low
temperature, the baryon urrent diers hugely for the three dierent spatial
volumes Ls = 16, 24 and 32, and any linear extrapolation of the baryon
urrent with j → 0 will give very dierent results. However, at low µ and/or
high temperature, when the extrapolation is of the j2 form, nite volume
eets do not matter too muh as all extrapolations tend to I2 → 0, Figs. 9.8
and 9.9.
9.4.1 Working with the Heliity Modulus
We an overome eets of spatial dependene by working with the heliity
modulus, Υ, whih, as seen earlier, is the onstant of proportionality between
the baryon urrent and the gradient of the soure's phase, Eqn. (9.15). In this
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Figure 9.8: Baryon urrent, I2, as a funtion of twisted diquark soure, j, for
various spatial dimensions, µ = 0.2 and 0.8, and low temperature, Lt = 64.
Figure 9.9: Baryon urrent, I2, as a funtion of twisted diquark soure, j, for
various spae dimensions, µ = 0.8, and high temperature, Lt = 12.
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Figure 9.10: Heliity modulus, Υ, as a funtion of twisted diquark soure, j,
for various spatial dimensions, µ = 0.8 and low temperature, Lt = 64.
way we are able to represent, in a volume independent manner, the superuid
behaviour of the system. So, when we plot Υ = I2Ls/2π against j for varying
spatial volumes, Ls, but onstant temperature and hemial potential, any
variations in the plots ould be put down to nite volume eets.
Low Temperature Finite Volume Eets
In Fig. 9.10 we have plotted Υ against j for low temperature, Lt = 64; this
is only done for high µ, as for lower values of µ the extrapolation is always
of the j2 type, whih implies the urrent, and thus, the heliity modulus
extrapolates to zero as j → 0. We an note that the dip in Υ, at low j,
dereases as the spatial volume inreases; thus, if this dip is a nite volume
eet it should tend to a straight line in the innite volume. In order to
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Figure 9.11: Heliity modulus, Υ, as a funtion of 1/Ls, for various j, µ = 0.8
and low temperature, Lt = 64.
analyse this dip at larger volumes, we extrapolated Υ to the limit of Ls →∞
by plotting Υ for eah value of j against 1/Ls, Fig. 9.11, and then the innite
volume value of Υ was dedued by extrapolating the plots 1/Ls → 0. The
innite volume plot of Υ is also plotted in Fig. 9.10; and it an be seen
that the dip vanishes in this limit, hene this eet an be put down to
nite volume eets. From the low temperature, innite volume plot, we
have onduted an extrapolation of Υ for j → 0, whih should represent the
dimensionless value of Υ at low temperature: Υ = 0.1413± 0.0014.
High Temperature Finite Volume Eets
Using the same tehniques as before we studied the superuid behaviour at
high temperature, Lt = 4. In Fig. 9.12 we have plotted Υ for µ = 0.8, Lt = 4
and, again, for various spatial volumes. As before we extrapolate to the
innite volume limit, where the extrapolation lines are shown in Fig. 9.13.
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Figure 9.12: Heliity modulus, Υ, as a funtion of twisted diquark soure, j,
for various spatial dimensions, µ = 0.8 and high temperature, Lt = 4.
Figure 9.13: Heliity modulus, Υ, as a funtion of 1/Ls, for various j, µ = 0.8
and high temperature, Lt = 4.
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In Fig. 9.12 we have also plotted the urve for Ls →∞. From this we see that
at high temperature and in the innite volume limit the Υ ∝ j2 behaviour
does not hange signiantly, if anything it beomes more pronouned at
lower values of j. From this extrapolation we nd Υ = 0.00012±0.0012 ∼ 0.
Behaviour at Intermediate Temperature
We have shown that at low temperature there are signiant, but ontrol-
lable, nite volume eets, whih are removed by extrapolating to the innite
volume limit. In the innite volume limit the low temperature linear be-
haviour, Υ(j) ∝ Υ(0)+Aj, beomes obvious and straight line extrapolations
for j → 0 lead to Υ 6= 0. At high temperature, where we expet a Υ(j) ∝ j2
behaviour, working on a nite volume does not have muh of an eet, that
is the nite volume plots do not dier from the innite volume extrapolation.
So, we an state that the superuid urrent drops from a non-zero value at
low T to a zero value at high T .
However, if we attempt to analyse the intermediate temperature region
we enounter some diulties. In Fig. 9.14 we have plotted Υ for µ = 0.8,
Lt = 12. The extrapolation of this, to the thermodynami limit, is given
in Fig. 9.15. We see that the various volume plots have an "s" shaped
form, whih remains even in the innite volume limit. In this ase we ould
implement a j2 extrapolation for the rst four points, however this does not
seem very onlusive as the last 4 points lie well outside any j2 behaviour.
On the other hand, in Fig. 9.16, where we have again plotted a urve for
Lt = 12, but now we have used a larger volume, (Ls = 40), and obtained
further points at low j, a j2 extrapolation does seem appropriate. From this
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Figure 9.14: Heliity modulus, Υ, as a funtion of twisted diquark soure, j,
for various spatial dimensions, µ = 0.8 and high temperature, Lt = 12.
Figure 9.15: Heliity modulus, Υ, as a funtion of 1/Ls, for various j, µ = 0.8
and high temperature, Lt = 12.
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Figure 9.16: Heliity modulus, Υ, as a funtion of twisted diquark soure, j,
for Ls = 40, µ = 0.8 and high temperature, Lt = 12.
extrapolation Υ an be dedued to be Υ = 0.00016± 0.0014 ∼ 0.
A similar situation ours as you derease the temperature further. In
Fig. 9.17 we have a plot of Lt = 24, and its extrapolation lines in Fig. 9.18.
At this temperature we an see that it is not obvious if this plot falls under
a linear extrapolation (giving Υ 6= 0) or a paraboli extrapolation (giving
Υ = 0). At low j the urve must tend to Υ = 0 hene it must follow a
j2 urve to the origin. But, more plausibly, we ould apply a straight line
extrapolation to the last 5 points. Even in the innite volume limit it does
not obviously fall under either extrapolation riteria.
In the next hapter we will go on to investigate the intermediate tempera-
ture range. We will attempt to dedue some riterion for the extrapolation of
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Figure 9.17: Heliity modulus, Υ, as a funtion of twisted diquark soure, j,
for various spatial dimensions, µ = 0.8 and temperature, Lt = 24.
Figure 9.18: Heliity modulus, Υ, as a funtion of 1/Ls, for various j, µ = 0.8
and temperature, Lt = 24.
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these temperatures, whih will then help in isolating the ritial temperature
i.e. the temperature at whih Υ falls from the non-zero superuid value at
low T to a zero value in the non-superuid phase at high T .
Chapter 10
Thin Film Superuid Dynamis
In the previous hapter it was shown that the baryon urrent-density has a
strong transition in the region 0.65 < µc < 0.68 - the region orresponding
to hiral symmetry restoration. Also, working with the spatially indepen-
dent heliity modulus, Υ, it was shown that at low temperature, Lt = 64,
and high hemial potential, µ = 0.8, the heliity modulus extrapolates to
Υ = 0.1413±0.0014; and at high temperature, Lt = 4, it extrapolates to zero.
However, at intermediate temperatures, for example Lt = 12 and Lt = 24,
extrapolation tehniques are not obvious - even in the innite volume limit.
In this hapter we will investigate the behaviour of Υ in this intermediate
region, and attempt to provide some extrapolation riteria for this puzzling
domain. The aim of this hapter will be to try and isolate the ritial tem-
perature and see if it orresponds with the predited TKT temperature, given
by the theory of Kosterlitz and Thouless (KT).
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10.1 TKT given by Kosterlitz and Thouless' The-
ory
If the phase transition, for the 2+1d NJL model at high density, is desribed
by the KT theory (Appendix B) then the ritial temperature should be
given by Eqn. (B.23), or in lattie units:
aLt =
1
TKT
=
2
π
1
Υ0
→ Lt = 1
aTKT
=
2
π
1
Υ
, (10.1)
where Υ = Υ0a is the dimensionless measured value. Using our value of Υ
we nd:
Lt =
2
π
1
0.14129± 0.00138 = 4.51± 0.44 (10.2)
Therefore, aording to the KT theory the ritialLt should be approximately
6, whih is the nearest even lattie length where the uid phase jumps to that
of a superuid state. This implies that everything above (and inluding) this
ritial length (temperature) should be in the superuid phase (the bound
vortex phase)i.e. Υ 6= 0. This suggests that the Lt = 6 data should follow a
linear extrapolation to the origin. However, from our previous ndings it was
shown that Lt = 12 follows more of a j
2
extrapolation than a linear one, but
even this is not very lear. We will now investigate the intermediate domain,
ranging from Lt = 6 − 64, in order to determine, whether or not, the KT
ritial point exists in our 2 + 1d NJL model.
10.2 Extrapolation Criteria and the Critial Point
In order to investigate the hange inΥ from the high temperature (Υ(j) ∝ j2)
phase to the low temperature linear (Υ(j) ∝ Υ(0) + Aj) phase we have
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Figure 10.1: Υ as a funtion of j for various Lt (µ = 0.8 and Ls = 32).
plotted, in Fig. 10.1, Υ against j for temperatures ranging from Lt = 2 to
Lt = 64. In this plot we an see a steady transition from the obvious j
2
form at Lt = 2 to an "s" shaped form between Lt = 6 − 24 and a straight
line form above Lt = 24 (whih dips to the origin at low j). From this
we annot really distinguish any real, abrupt, phase hange. So, to obtain
a dierent perspetive we have plotted the same data as Υ against Lt for
the various j values in Fig. 10.2; and in Fig. 10.3 we have a more detailed
plot of the j = 0.025 data. From Fig. 10.2 we an see that Υ dereases
steadily from Lt = 64 to Lt = 24, for j > 0.025. However, below Lt = 24 it
drops drastially to Υ = 0. For j = 0.025, in Fig. 10.3, it an be seen that
Υ follows almost a straight line. In Fig. 10.4 we have onduted a straight
line extrapolation to Υ = 0, from whih we found Lt = 5.54± 1.66. Also, in
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Figure 10.2: Υ as a funtion of Lt for various j (µ = 0.8 and Ls = 32).
Figure 10.3: A detailed plot of Υ as a funtion of Lt for j = 0.025 (µ = 0.8
and Ls = 32).
CHAPTER 10. THIN FILM SUPERFLUID DYNAMICS 137
Figure 10.4: Υ as a funtion of Lt for j = 0.025 with extrapolation line
y = a0x+ a1 (a0 = 0.00192± 0.0005 and a1 = −0.01062± 0.0015); (µ = 0.8
and Ls = 32).
Fig. 10.5 we have onduted another extrapolation, of the same data, but now
with only the rst 18 points; from whih we nd: Lt = 7.24±0.9. From these
two ts we have the average: Lt = 6.4± 1.9. This value of Lt is omparable
to the one derived in Eqn. (10.2). Therefore, we ould onjeture that the
ritial KT temperature ould be desribed by the point where Υ intersets
the Lt axis for a xed small j. In order to onrm this we would need to
ondut further simulations using smaller j (e.g. j = 0.01) and maybe larger
volumes (in order to redue nite volume eets).
10.2.1 Finite Volume Eets at Low Temperature
Even though we have loated a possible andidate for the ritial temper-
ature, it still does not provide any obvious extrapolation riterion for the
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Figure 10.5: Υ as a funtion of Lt for j = 0.025 with extrapolation line
y = a0x + a1 using only 18 points (a0 = 0.002124 ± 0.00025 and a1 =
−0.015367± 0.0009); (µ = 0.8 and Ls = 32).
range Lt = 6− 24.
Our next task will be to nd a denite lower limit for the superuid state,
i.e. the smallest Lt point for whih innite volume extrapolations eliminate
the dip in Υ at low j. As for Lt = 64, Fig. 9.10, we onduted similar
extrapolations for Υ down to Lt = 48. It was found that the dip at low j
disappears for extrapolations down to Lt = 56, Fig. 10.6; these simulations
were only done for 4 points, at low values of j, in order to redue time.
So, down to and inluding Lt = 56 the dip at low j vanishes in the innite
volume limit. However, below this point the dip beomes more and more
pronouned, even in the innite volume limit, Fig. 10.7. As an be seen for
Lt = 24, Fig. 9.17, the dip eventually beomes something that you annot
just ignore.
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Figure 10.6: The rst 4 points of Υ as a funtion of j for Lt = 56 (µ = 0.8
and Ls = 32).
Figure 10.7: Υ as a funtion of j for Lt = 48 (µ = 0.8 and Ls = 32).
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Figure 10.8: Υ as a funtion of 1/Ls for Lt = 56 (µ = 0.8 and Ls = 32).
As in the previous hapter, the innite volume limit extrapolations for
Lt = 48 and Lt = 56, Figs. 10.6 and 10.7, were done by a straight line t of
Υ against 1/Ls, Figs. 10.8 and 10.9.
10.2.2 Critial Temperature Range
In a onservative onlusion, the only phase range we an be sure about
is that above Lt = 56 and the one below Lt = 4. For Lt ≥ 56 innite
volume extrapolations lead to a perfet straight line, and a non-zero value
of Υ, implying superuidity. For Lt ≤ 4, even without extrapolation, the
urves are paraboli, Fig.10.1, thus, they ould be assoiated with the non-
superuid state (Υ = 0). This then leaves us with an unertain range from
Lt = 6− 54, whih is huge! However, as I stated before this is a onservative
onlusion. As we dedued through the plot of Υ against Lt for j = 0.025
(Fig. 10.3) the ritial point ould plausibly our at Lt ∼ 6, in whih ase
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Figure 10.9: Υ as a funtion of 1/Ls for Lt = 48 (µ = 0.8 and Ls = 32).
all extrapolations above this point would be of the type Υ(j) ∝ Υ(0) + Aj.
This ould very well be the ase for 1/T above Lt = 24, even though we an't
explain the dips at low j. This then leaves us with the range Lt = 6− 22 as
the unertain domain, due to the fat that these urves follow a "s" shape
whih ould be either a linear or paraboli extrapolation.
Chapter 11
Summary
In Chapter 9 the alulation of baryon harge density (nB) was extended to
the onserved baryon 3-urrent Iµ, where nB was the timelike omponent,
I0, of the urrent. Then, to fore a urrent ow we implemented a twisted
diquark soure i.e. a periodially varying soure, spanning the whole system.
We then investigated the urrent's behaviour with a hange of density
µ, for two temperatures1: Υ0
T
= 0.565(1) and Υ0
T
= 9.043(1), orrespond-
ing to lattie lengths Lt = 4 and Lt = 64 respetively. We found that a
superuid phase does exist at high density (µ = 0.8) and low temperature
Υ0
T
= 9.043(1); but for high temperature, Υ0
T
= 0.565(1), the urrent is always
zero, Figs. 9.6 and 9.7. For the low temperature ase we found that the ur-
rent density has a phase transition in the region 0.65 < µc < 0.68, Fig. 9.6.
This transition region orresponds to that of hiral symmetry restoration in
[12℄.
These ndings show that the low temperature, high density, phase of
the 2+1d NJL model is a thin lm superuid, and the transition from this
superuid phase at high density to a non-superuid phase at low density is
1
Given as the ratio LtΥ =
Υ0a
Ta
= Υ0
T
.
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of 1st order.
Initially results were presented in a spatially dependent form, so aord-
ing to the size of lattie used dierent results were obtained for the urrent.
We later showed that it is better to work with the spatially independent he-
liity modulus, Υ, dened as the onstant of proportionality I2 = Υ2π/L2.
The non-zero value of the heliity modulus was then determined in the ther-
modynami limit for low temperature (
Υ0
T
= 9.043(1)) and high hemial
potential (µ = 0.8) as Υ = 0.1413(14) . We also showed that this falls to
∼ 0 at higher temperatures (Υ0
T
= 0.565(1)). Therefore, the ratio Υ/Σ that
represents the superuid phase of the 2 + 1d NJL model at high density is
given as
Υ
0.71
= 0.199(1) ∼ 0.2
One we had found the presene of a superuid phase, next, we wanted to
test whether this superuid behaviour was due to the binding and unbinding
of vorties, as desribed by the KT theory for 2-dimensional ritial systems.
In Chapter 10 we started by alulating the ritial temperature predited
by the KT theory. Using our value of Υ this ritial temperature was found
to be
Υ0
T
= 0.637 ∼ 2
π
, whih implies a lattie length Lt = 4.51(44).
We then showed that by plotting Υ against Lt for low j (j = 0.025 in our
ase), we obtained a very good straight line t that intersets the Lt axis at
a point near the KT ritial length predition, Fig. 10.4 and 10.5. Through a
straight line extrapolation (Υ ∝ ALt+B) this ritial point was found to be
at Lt ∼ 6(2). This point orresponds to the KT predition within error. Also,
this ritial transition point seems to be of 2nd order. However, in order to
make any onlusive statements about the ritial point, further study is still
needed, maybe using larger volumes, Ls > 32, and smaller diquark soure
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values, j < 0.025.
We also showed that at low temperature,
Υ0
T
≥ 7.9 (or in terms of lattie
size Lt ≥ 56), the dip of Υ at low j an be put down to nite volume eets,
whih disappears when we extrapolate to the innite volume limit. However,
even though the plots between Lt = 24− 54 do follow straight lines for high
j, similar innite volume extrapolations do not eliminate the dips at low j.
The domain between Lt = 6 − 22 is even more puzzling. In this area we
annot easily apply a straight line extrapolation, as the urves of Υ against
j are paraboli at low j.
So, in order to onstrut a onlusive phase diagram for Υ against Lt, we
not only need to onrm the loation of the ritial point, but we also need
to investigate and explain the strange behaviour of Υ in the intermediate
temperature range.
Appendix A
Shwarzshild Spaetime
The 'Shwarzshild geometry' desribes a spherially symmetri spaetime
outside a star, and its properties are determined by one parameter, the mass
M. The Shwarzshild metri, in spherial polar oordinates, takes the form:
gµν =

F 0 0 0
0 −F−1 0 0
0 0 −r2 0
0 0 0 −r2 sin(θ)
 (A.1)
This type of spaetime geometry is said to be stati, due to the fat that (i) all
metri omponents are independent of t, and (ii) the geometry is unhanged
by time reversal, t→ −t1.
A.1 Geodesi Equations
The equations of motion in Shwarzshild spaetime an be derived by using
the ovariant form of Newton's seond law of motion,
F µ =
Dpµ
Dτ
=
dpµ
dτ
+ Γµνρ
dxν
dτ
pρ (A.2)
1
A spae time with property (i) but not neessarily (ii) is said to be stationary i.e. a
rotating star/blak hole
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where we have pµ = mdx
µ
dτ
, and for free fall we have F µ = 0, then the
equations of motion are:
0 =
d2xµ
dτ 2
+ Γµνρ
dxν
dτ
dxρ
dτ
(A.3)
Now, using this and the appropriate Christoels we are able to determine the
equations of motion. Alternatively, by using the Shwarzshild Lagrangian
L =
1
2
[(1− 2M
r
)d˙t
2 − (1− 2M
r
)−1d˙r
2 − r2d˙θ2 − (r2 sin2 θ)d˙φ2] (A.4)
we nd
∂L
∂t
= 0
∂L
∂t˙
= (1− 2M
r
)t˙
d
dλ
∂L
∂t˙
= (1− 2M
r
)t¨+
2M
r2
r˙t˙
(A.5)
∂L
∂r
=
M
r2
t˙2 +
M
r
2
(1− 2M
r
)−2r˙2 − rθ˙2 − rφ˙2 sin2 θ
∂L
∂r˙
= −(1− 2M
r
)−1r˙
d
dλ
∂L
∂r˙
= −(1− 2M
r
)−1r¨ +
2M
r2
(1− 2M
r
)−2r˙r˙
(A.6)
∂L
∂θ
= −r2 sin θ cos θφ˙2 ∂L
∂θ˙
= −r2θ˙
d
dλ
∂L
∂θ˙
= −2rr˙θ˙ − r2θ¨
(A.7)
∂L
∂φ
= 0
∂L
∂φ˙
= −r2 sin2 θφ˙2
d
dλ
∂L
∂φ˙
= −2rr˙ sin2 θφ˙− 2r2 sin θ cos θφ˙− r2 sin2 θφ¨
(A.8)
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and substituting into the Euler equation
∂L
∂xµ
− d
dλ
∂L
∂x˙µ
= 0 (A.9)
we have the equations of motion for Shwarzshild spaetime
0 = (1− 2M
r
)t¨+
2M
r2
r˙t˙ = 0 (A.10)
0 =
M
r2
t˙2 − rθ˙2 − rφ˙2 sin2 θ + (1− 2M
r
)−1r¨
− M
r2
(1− 2M
r
)−2r˙2 (A.11)
0 = −r2 sin θ cos θφ˙2 + 2rr˙θ˙ + r2θ¨ (A.12)
0 = 2rr˙ sin2 θφ˙+ 2r2 sin θ cos θφ˙+ r2 sin2 θφ¨ (A.13)
A.2 Riemann Components in the Orthonormal
Frame
The spaetime line interval, Eqn. (1.11), an be rewritten using tetrad trans-
formations (disussed in the next setion):
ωt = (1− 2M
r
)
1
2dt ωr = (1− 2M
r
)−
1
2dr ωθ = rdθ ωφ = r sin(θ)dφ
(A.14)
as
ds2 = (ωt)2 − (ωr)2 − (ωθ)2 − (ωφ)2 (A.15)
This now has the Minkowski metri
gµν =

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1
 (A.16)
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Noting that the metri an be written as:
dgµν = ωµν + ωνµ (A.17)
and using the fat that:
dgµν =
∂gµν
∂xα
dxα = 0 (A.18)
we then have[2℄:
ωµν = −ωνµ (A.19)
whih implies ω is antisymmetri, i.e. it has only six unique omponents and
ωµν = 0 for µ = ν; and we have the onditions:
ω0i = ω
i
0 ω
i
j = −ωji (A.20)
We an now write the exterior derivatives
2
of ωµ
dωt =
1
2
(1− 2M
r
)−
1
2 (
2M
r2
)dr ∧ dt
=
M
r2
(1− 2M
r
)−
1
2ωr ∧ ωt (A.21)
dωr = 0 (A.22)
dωθ = dr ∧ dθ = 1
r
(1− 2M
r
)
1
2ωr ∧ ωθ (A.23)
dωφ = sin(θ)dr ∧ dφ+ r cos(φ)dθ ∧ dφ
=
1
r
(1− 2M
r
)
1
2ωr ∧ ωφ + cot(θ)
r
ωθ ∧ ωφ (A.24)
Now, using Cartan's equation
dωµ = ωα ∧ ωµα + Ωµ (A.25)
2
The exterior derivative: d = dxµ ∂
∂xµ
ating on a 1-form Aν = A(x)dxν gives dAν =
dxµ ∧ dxν ∂A(x)
∂xµ
, where dxµ ∧ dxν = 0 for µ = ν
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with zero torsion (Ωµ = 0), we an write
dωt = ωr ∧ ωtr + ωθ ∧ ωtθ + ωφ ∧ ωtφ (A.26)
dωr = ωt ∧ ωrt + ωθ ∧ ωrθ + ωφ ∧ ωrφ (A.27)
dωθ = ωt ∧ ωθt + ωr ∧ ωθr + ωφ ∧ ωθφ (A.28)
dωφ = ωt ∧ ωφt + ωr ∧ ωφr + ωθ ∧ ωφθ (A.29)
Comparing Eqns. (A.21)-(A.24) with Eqns. (A.26)-(A.29) we nd the six
unique omponents of ωµν as
ωtr =
M
r2
(1− 2M
r
)−
1
2ωt =
M
r2
dt = ωrt (A.30)
ωθr =
1
r
(1− 2M
r
)
1
2ωθ = (1− 2M
r
)
1
2dθ = −ωrθ (A.31)
ωφr =
1
r
(1− 2M
r
)
1
2ωφ = sin(θ)(1− 2M
r
)
1
2dφ = −ωrφ (A.32)
ωφθ =
cot(θ)
r
ωφ = cos(θ)dφ = −ωθφ (A.33)
ωθt = ω
t
θ = 0 (A.34)
ωφt = ω
t
φ = 0 (A.35)
Now, using:
Rµν = dω
µ
ν + ω
µ
α ∧ ωαν (A.36)
we an write the six independent omponents of the Riemann tensor:
Rtr = dω
t
r + ω
t
α ∧ ωαr = dωtr + ωtθ ∧ ωθr + ωtφ ∧ ωφr
= −2M
r3
dr ∧ dt = −2M
r3
ωr ∧ ωt
⇒ Rtrrt = Rtrrt = −
2M
r3
(A.37)
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Rθr = dω
θ
r + ω
θ
α ∧ ωαr = dωθr + ωθt ∧ ωtr + ωθφ ∧ ωφr
=
1
2
(1− 2M
r
)−
1
2
2M
r2
dr ∧ dθ = M
r3
ωr ∧ ωθ
⇒ Rθrrθ = −Rθrrθ =
M
r3
(A.38)
Rφr = dω
φ
r + ω
φ
α ∧ ωαr = dωφr + ωφt ∧ ωtr + ωφθ ∧ ωθr
= cos(θ)(1− 2M
r
)
1
2dθ ∧ dφ+ sin(θ)M
r2
(1− 2M
r
)−
1
2dr ∧ dφ
+ cos(θ)(1− 2M
r
)12dφ ∧ dθ
=
cot(θ)
r2
(1− 2M
r
)
1
2ωθ ∧ ωφ + M
r3
ωr ∧ ωφ
+
cot(θ)
r2
(1− 2M
r
)
1
2ωφ ∧ ωθ = M
r3
ωr ∧ ωφ
⇒ Rφrrφ = −Rφrrφ =
M
r3
(A.39)
Rφθ = dω
φ
θ + ω
φ
α ∧ ωαθ = dωφθ + ωφt ∧ ωtθ + ωφr ∧ ωrθ
= − sin(θ)dθ ∧ dφ− sin(θ)(1− 2M
r
)dφ ∧ dθ
= − 1
r2
ωθ ∧ ωφ + 1
r2
(1− 2M
r
)ωθ ∧ ωφ = −2M
r3
ωθ ∧ ωφ
⇒ Rφθθφ = −Rφθθφ = −
2M
r3
(A.40)
Rθt = dω
θ
t + ω
θ
α ∧ ωαt = dωθt + ωθr ∧ ωrt + ωθφ ∧ ωφt
=
M
r2
(1− 2M
r
)
1
2dθ ∧ dt = M
r3
ωθ ∧ ωt
⇒ Rθtθt = −Rθtθt =
M
r3
(A.41)
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Rφt = dω
φ
t + ω
φ
α ∧ ωαt = dωφt + ωφr ∧ ωrt + ωφθ ∧ ωθt
=
M
r2
(1− 2M
r
)
1
2 sin(θ)dθ ∧ dt = M
r3
ωφ ∧ ωt
⇒ Rφtφt = −Rφtφt =
M
r3
(A.42)
A.3 Tetrad Transformation
In Eqn. (A.14) we transformed from the oordinate frame to an orthonormal
frame. This is ahieved by using the tetrad of the form:
eaµ =

F
1
2 0 0 0
0 F−
1
2 0 0
0 0 r 0
0 0 0 r sin(θ)
 (A.43)
This takes a 4-vetor, given in the oordinate frame, and maps it to the
equivalent in the orthonormal frame. We an then determine the inverse
tetrad, i.e. a tetrad that takes vetors in the orthonormal frame and maps
them to the oordinate frame. We nd this by using the inverse of (A.43),
(e−1)µa =

F−
1
2 0 0 0
0 F
1
2 0 0
0 0 1
r
0
0 0 0 1
r sin(θ)
 , (A.44)
whih has the property:
eaµ(e
−1)µb = δ
a
b (A.45)
Therefore, (A.44) takes vetors in the orthonormal frame and maps them to
the oordinate frame.
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A.4 Riemann Components in the Coordinate
Frame
In Se. A.2 the unique omponents of the Riemann tensor were alulated
in the orthonormal frame. In order to determine the omponents in the
oordinate basis we will use the transformation tetrad given in Eqn. A.44.
Before we an us the tetrad, (A.44), we need to adjust it so it is able to take
ovetors in the orthonormal frame, rather than vetors:
(e−1)µagµνη
ab = (e−1)bν =

F
1
2 0 0 0
0 F−
1
2 0 0
0 0 r 0
0 0 0 r
 , (A.46)
whih is just Eqn. (A.43). Then using this we have:
⇒ Aµ(oordinate frame) = (e−1)aµAa(orthonormal frame)
Now using this tetrad we an transform the orthonormal Riemann tensor
omponents as:
Rµναβ = (e
−1)aµ(e
−1)bν(e
−1)cα(e
−1)dβRabcd
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Now using the omponents given in Se. A.2 we have:
R′trrt = (e
−1)tt(e
−1)rr(e
−1)rr(e
−1)ttRtrrt = F
1
2F−
1
2F−
1
2F
1
2 (−2M
r3
) = −2M
r3
R′θrrθ = (e
−1)θθ(e
−1)rr(e
−1)rr(e
−1)θθRθrrθ = rF
− 1
2F−
1
2 r(−M
r3
) = −MF
−1
r
R′φrrφ = (e
−1)φφ(e
−1)rr(e
−1)rr(e
−1)φφRφrrφ = rF
− 1
2F−
1
2 r(−M
r3
) = −MF
−1
r
R′φθθφ = (e
−1)φφ(e
−1)θθ(e
−1)θθ(e
−1)φφRφθθφ = rrrr(
2M
r3
) = 2Mr
R′θtθt = (e
−1)θθ(e
−1)tt(e
−1)θθ(e
−1)ttRθtθt = rF
1
2 rF
1
2 (−M
r3
) = −MF
r
R′φtφt = (e
−1)φφ(e
−1)tt(e
−1)φφ(e
−1)ttRφtφt = rF
1
2 rF
1
2 (−M
r3
) = −MF
r
(A.47)
Therefore, the Riemann tensor omponents in the oordinate frame are given
as:
R′trrt = −
2M
r3
R′θrrθ = −
MF−1
r
R′φrrφ = −
MF−1
r
R′φθθφ = 2Mr R
′
θtθt = −
MF
r
R′φtφt = −
MF
r
(A.48)
Appendix B
XY Model and the KT Transition
B.1 Spin Systems
B.1.1 The Ising Model
The most basi spin system is the Ising model, whih is generally used to
desribe magnetisation. It onsists of N spin sites, eah taking a value of
+1 or −1 (i.e. up and down respetively). In its simplest form it desribes
a 1-dimensional lattie, usually with the N sites in a hain formation and
periodi boundaries. Other simpliations inlude a uniform external eld at
eah site, Hi = H , so that the only interation between spins is that between
the nearest neighbours, symbolised by J . This system is then desribed by
the Hamiltonian:
−H =
N∑
i=1
HiSi + J
∑
<i,j>
SiSj (B.1)
The partition funtion of this model is then written as:
Z =
∑
[Si]
exp(−βH(Si)) (B.2)
where β = 1/(kBT ), and the the sum is taken over all possible states i.e. a
total of 2N possible spin states. Then, to extrat thermodynami information
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from the partition funtion we dene the free energy of the Ising model as,
F = −kBT lnZ
From this we an determine the magnetisation of the system
1
,
M =
1
N
< S > < S >=
N∑
i=1
< Si >= −
N∑
i=1
∂F
∂Hi
where < Si > is the average spin of the i
th
site. The orrelation funtion, a
measure of the inuene exerted by a given spin Si on other spin sites Sj , is
given as:
Gij =< SiSj > − < Si >< Sj >;
Sine the interation between spins favours alignment, a nearby spin Sj will
tend to assume the same orientation as Si; however thermal utuations
ounterat this tendeny and exert a de-orrelating eet. Thus we expet
some orrelation that weakens as the distane between Si and Sj inreases,
also at a xed distane apart the orrelation will be stronger when the tem-
perature is lower, see Fig. B.1 [27℄. So, when the temperature is low we an
assume that the majority of spin states are orrelated, whih in the absene
of an external eld leads to the phenomenon of spontaneous magnetization,
Ms. For the 1-dimensional Ising model this does not our for T 6= 0, but
there is a trivial phase hange at T = 0, i.e. when the thermal energy is zero
all the spins are aligned. However, in 2-dimensions there is a seond order
phase transition at the Curie temperature T = Tc [27℄[28℄, Fig. B.2.
1
For Hi = H we have < S >=
∑
i < Si >=
∂F
∂H
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Figure B.1: Ratio of the orrelation funtion G = G(rij)/G(0), for two dif-
ferent temperatures T (not to sale).
Figure B.2: Spontaneous magnetization in 2-dimensions against temperature.
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B.1.2 The XY Model
The restrition of the Ising model is that the spin vetor an only assume one
of 2 disrete values. Even though for some ases this is ne, a more realisti
model is the XY model. In this ase spin is a ontinuous vetor in a plane
(for 2 dimensions). This model is haraterized by the Hamiltonian:
−H =
N∑
i=1
HiS
z
i + J
∑
<i,j>
~Si · ~Sj (B.3)
where the spins are lassial vetors of unit length aligned in the plane. For
zero external eld we an write:
−H = J
∑
<i,j>
~Si · ~Sj = J
∑
<i,j>
cos(Φi − Φj), (B.4)
where Φ is the angle between the spin diretion and an arbitrarily hosen
axis, and is a ontinuous variable.
In this 2-dimensional model, spin exitations (spin waves) are easier to
exite thermally than for the Ising model, they are so strong that they an
destroy long-range order at any nite T; so, in the ase of 2-dimensions,
symmetry breaking for T ≥ 0 does not our (Mermin-Wagner theorem [29℄).
On the other hand, in 1973, Kosterlitz and Thouless showed that a kind of
phase transition an exist for the 2d XY model, or more aurately there is
a ritial point at non-zero temperature. It arises not from the long-range
ordering like spontaneous magnetization but from the exitations of vortex-
antivortex pairs [31℄[32℄.
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B.2 Phase Transitions in the XY Model
B.2.1 The Critial Phase in the XY Model
Vorties
If we onsider small spin variations,Φi−Φj ≪ 1, then we an expand B.4 as:
H ≃ E0 + 1
2
J
∑
<i,j>
(Φi − Φj)2 = Ja
2
2
∑
i
|~∇Φ(i)|2 (B.5)
where a is the lattie spaing. This an now be taken to the ontinuum limit,
so that Φ(r) beomes a salar eld, and the sum beomes an integral over
the 2d area:
H− E0 = J
2
∫
d2r|~∇Φ(r)|2 (B.6)
In this 2d state of ontinuous spin states a possible exitation above the
(perfetly ordered) ground state is a vortex
2
, Fig. B.3. Any line integral
along a losed path around the enter of the vortex will give:∮
~∇Φ(~r) · d~r = 2πq ⇒ Φ = qφ|~∇Φ(r)| = q
r
(B.7)
where q is the vortiity and φ is the angle to ~r.3 Now using (B.6) and (B.7)
we an nd the energy of this vortex above the ground state energy:
E =
∫ R
a
2πrdr
J
2
(
q
r
)2 = πJ ln(
R
a
)q2 (B.8)
here, R is the size of the system [33℄[27℄, and a is the lower ut o (as the
theory diverges as r → 0). Now it an be seen that the energy of the vortex
inreases logarithmially with the size of the system.
2
Spin waves are another form of exitation, and are responsible for destroying long-
range order at any nite T.
3~∇qφ = 1
r
∂
∂φ
qφ = q
r
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Figure B.3: Vortex with vortiity |q| = 1
Thermodynamis of Single Vorties
A vortex an be put onto any lattie site, thus the number of ongurations
is (R/a)2, and then we an write the entropy of the vortex as
S = 2kB ln(
R
a
) (B.9)
Therefore, the free energy, F = E − TS, is positive and large at low tem-
peratures. Thus, it is not very easy to thermally exite single vorties at low
temperature. But, as temperature inreases, the free energy dereases, and
at a ritial temperature TKT the free energy vanishes:
kBTKT =
πJ
2
(B.10)
Then, above TKT a large number of vorties are thermally exited.
Vortex-Antivortex "Dipole" Pairs
Even though it is diult to exite single vorties at low temperature, it
does not mean none exist. In the low temperature phase it beomes more
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favorable to exite pairs of vorties, i.e. a vortex-antivortex pair. To see this
we start by writing the energy of a system of two vorties, with vortiity q1
and q2:
Φ = Φ1(~r1)Φ2(~r2)
E(q1, q2) = −πJ(q1 + q2)2 ln(R
a
)
− 2πJq1q2 ln( |~r1 − ~r2|
a
) (B.11)
where for a vortex and antivortex pair q1 = −q2, thus we have:
E(q1, q2) = 2πJq
2 ln(
|~r1 − ~r2|
a
) (B.12)
From this you an see that the self-energy of a vortex-antivortex pair is small
when the vorties are lose together. Thus, as the energy of a "dipole" pair
is smaller than a single vortex, it is easier to exite a pair of opposite vorties
than a single vortex.
Critial Phase of the XY Model
We an now see that at low temperature, 0 < T < TKT , there will be a nite
density of low energy vortex-antivortex pairs, of zero total vortiity. Then, at
high temperatures, T > TKT , there will be a large onentration of unbound
vorties.
In this piture the ritial temperature is then assoiated with the un-
binding of vortex-antivortex pairs; the pairs are bound strongly to eah other
at low temperature, and as the temperature inreases, the number of pairs in-
reases. Then, at the ritial temperature TKT , vortex-antivortex pairs start
to separate and beome free; this is alled the KT (Kosterlitz and Thouless)
phase transition.
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Correlation Length of Vortex Pairs
Due to the KT transition the orrelation funtion of the XY model hanges
behaviour as it rosses the ritial point TKT . Above the ritial point, when
the vorties are unbound and free to interat with eah other, the orrelation
funtion behaves in a lassi way:
< SiSj >= e
− r
ξ , (B.13)
with the orrelation length:
ξ =
a
lnT/J
(B.14)
However, below the ritial temperature the orrelation funtion shifts to a
power-law:
< SiSj >= (
a
r
)
1
ξ
(B.15)
and the ritial exponent beomes:
1
ξ
=
T
2πJ
(B.16)
This an be understood in the following way: at low temperature vorties
bind into dipole pairs, whose inuene on the system is onned to small
distanes, thus the only important large distane interations are spin waves.
This phase is then desribed by the power-law behaviour of the orrelation
funtion. As the temperature rises the size of the dipole pairs inreases, and
diverges at T = TKT when free vorties appear. These free vorties then
interat, and in the proess, the low temperature dominane of spin waves is
destroyed. This phase is then desribed by an exponential behaviour of the
orrelation funtion.
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B.3 The KT Transition and Superuidity in 2d
One appliation of the KT transition, i.e the binding and unbinding of vor-
ties at the ritial temperature TKT , is in understanding superuidity in
thin lms. For d > 2 Bose-Einstein ondensation ours in a Bose gas at low
temperature, and this ondensed phase is dened by the breaking of a U(1)
global gauge symmetry. However, for systems with d ≤ 2 the breaking of a
U(1) global gauge symmetry is prohibited by the Mermin-Wagner theorem,
i.e. no phase transition to a state with long-range order an our at nite
temperatures. On the other hand, topologial phase transitions are possible;
and the binding and unbinding of vorties in two dimensions leads to a type
of phase transition.
B.3.1 Superuids and the XY model
Our previous alulations, relating to vorties in the XY model an be di-
retly applied to the study of superuids. For single vorties, the XY spin
angle Φ (B.5) an be related to the phase of a partile's wave funtion in the
superuid ondensate state:
Ψ =
√
n0 exp(−iΦ(t, ~r)) (B.17)
where n0 is the number of ondensate partiles (superuid density). Then
the urrent density of the superuid is given by:
Icond =
i~
2m
(Ψ~∇Ψ∗ −Ψ∗~∇Ψ)
=
~
m
n0~∇Φ
= Υ~∇Φ → Υ = ~
m
n0 (B.18)
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where m is the mass of the superuid partile; and Υ is the onstant of pro-
portionality between the urrent density and the phase angle, and is known
as the heliity modulus (Υ). The phase angle Φ an be assoiated with the
spin angle as in the XY-model or with a partiles phase as in the superuid
ondensate.
If we divide both sides of (B.18) by the density n0, we have the veloity
of the ondensate partiles:
~vcond(~r) =
~
m
~∇Φ (B.19)
This an now be inserted into the energy of a superuid veloity utuation,
H = 1
2
mn0
∫
d2r|~vcond(~r)|2 (B.20)
where mn0 is the mass density of the superuid. This then gives us:
=
~Υ
2
∫
d2r( ~∇Φ)2 → Υ = ~
m
n0 (B.21)
It an now be seen that this is similar to (B.6) if, as stated before, we identify
the phase of the superuid ondensate with the angle of spin in the XY
model and ~Υ = J . Therefore, due to this link between the XY model
and superuids, the transition from a superuid state to a normal state for
a 2d superuid an be assoiated with the binding and unbinding of vortex
pair exitations with opposite irulation. Evidene of this KT behaviour
is seen in superuid Helium 4. In 3d there is a ontinuous derease of the
superuid density with temperature, but in the 2 dimension ase, for example
in thin lms of
4He, a jump in the superuid density ours at the ritial
temperature TKT [36℄.
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TKT for Superuids
By ombining Eqns. (B.10) and (B.21) we are able to determine the ritial
temperature, TKT , for superuids:
1
TKT
=
2
π
KB
J
=
2
π
KB
~Υ
(B.22)
where the nal form, in terms of the heliity modulus, is the most useful
form. This an be written in lattie eld theory (using lattie units KB = 1,
~ = 1 and Lt = 1/T ) as:
Lt =
1
TKT
=
2
π
1
Υ
, (B.23)
Appendix C
Changes to QCD
C.1 Lattie QCD at µ 6= 0
Lattie alulations annot be extended to µ 6= 0 due to tehnial prob-
lems. A quantum system, reast in Eulidean spae-time, an be represented
statistially in terms of the partition funtion:
Z =
∫
dUdψ¯dψe−S[U,ψ¯,ψ], (C.1)
where S =
∑
x LQCD is the QCD ation. Then, in order to alulate this, or
related expetation values,
< O >≡ 1Z
∫
dUdψ¯dψOe−S[U,ψ¯,ψ], (C.2)
one an expliitly integrate out the bilinear fermioni dependene leaving
Z =
∫
dU detMe−Sg [U ] (C.3)
where Sg is the gauge ontribution to the ation and M = (D/ +m0) is the
fermion kineti matrix. Now, from the diret orrespondene between Eu-
lidean quantum eld theory and statistial mehanis, it is possible to arry
out the integral over gauge eld ongurations using Monte Carlo methods,
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in whih the highly peaked nature of e−S is exploited by using it as a sam-
pling weight. This is possible beause D/ is an anti-hermitian operator whih
obeys hiral symmetry, so we have [D/ , γ5] = 0 and its eigenvalues ome in
omplex onjugate pairs, ±iλ. Therefore, the determinant of D/ an be writ-
ten as a produt of the eigenvalues, whih in this ase is real. Hene, we an
use: detD/ e−Sg as the full funtional weight. This is still a valid argument
even with the inlusion of the hiral symmetry breaking mass term, as the
eigenvalues of D/ +m0 are m0 ± iλ, whih remain omplex onjugate pairs
However, when a hemial potential is introdued we have, M → D/ +
m0 + µγ0. As the hemial potential term is hermitian, M then has om-
plex eigenvalues
1
, making its determinant omplex; and so the importane
sampling weight beomes | detM |eiθe−Sg . This an be shown as follows2:
ψ¯M(µ)ψ = ψ¯(γν∂ν + µγ0 +m)ψ
= ψ¯γ5γ5(γν∂ν + µγ0 +m)ψ
= ψ¯γ5(−γν∂ν − µγ0 +m)γ5ψ
= ψ¯γ5M
†(−µ)γ5ψ (C.4)
Therefore,
M(µ) = γ5M
†(−µ)γ5
⇒ detM(µ) = det γ5M †(−µ)γ5
= detM †(−µ)
= detM∗(−µ) (C.5)
1
The determinant of Hermitian+AntiHermitian matries is omplex.
2
Using γν = γ
†
ν and ∂ν = −∂†ν
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Then, for µ = 0, detM=detM∗ implies detM is real, but if µ 6= 0, we have
detM(µ)=detM∗(−µ), implying detM is omplex.
Therefore, the ase for µ 6= 0 leads to a omplex phase, whih in turn
leads to ongurations with large e−Sg anelling and the eetiveness of the
importane sampling weight beoming suppressed[15℄.
C.1.1 µ 6= 0 in the NJL Model
In the NJL model, it an be shown that even with the introdution of a
hemial potential term, the importane sampling weight remains real. Using
the NJL Lagrangian, Eqn. (8.7), we have:
M → γν∂ν + µγ0 +m+ (σ + iγ5~τ · ~π) (C.6)
Now, we have
3
:
ψ¯M(µ)ψ = ψ¯ (Cγ5 ⊗ τ2)(C−1γ5 ⊗ τ2)(γν∂ν + µγ0 +m
+ σ + iγ5~τ · ~π)ψ
= ψ¯ (Cγ5 ⊗ τ2)C−1γ5(γν∂ν + µγ0 +m
+ σ − iγ5~τ ∗ · ~π)τ2ψ
= ψ¯ (Cγ5 ⊗ τ2)C−1(−γν∂ν − µγ0 +m
+ σ − iγ5~τ ∗ · ~π)γ5 ⊗ τ2ψ
= ψ¯ (Cγ5 ⊗ τ2)(γ∗ν∂ν + µγ∗0 +m
+ σ − iγ∗5~τ ∗ · ~π)(C−1γ5 ⊗ τ2)ψ
= ψ¯ (Cγ5 ⊗ τ2)M∗(µ)(C−1γ5 ⊗ τ2)ψ (C.7)
Here we have detM = detM∗, implying detM is real.
3
Using CγνC
−1 = −γ∗ν where the harge onjugation operator satises: C−1 = −C,
and τ2~ττ2 = −~τ∗
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C.2 Staggered Fermions
The Eulidean ation for a free fermion eld ψ, in 2 + 1d, is given by
S =
∫
d3xψ¯(D/ +m0)ψ, (C.8)
whih, when disretised beomes
S = a3
∑
x
[
ψ¯x
∑
ν
{
γν
(ψx+νˆ − ψx−νˆ)
2a
}
+m0ψ¯xψx
]
(C.9)
Fourier transforming this to momentum spae this beomes
S = a3
∫ pi
a
−pi
a
d3p
(2π)3
ψ¯
[
i
a
∑
ν
γν sin(apν)ψ +m0ψ
]
(C.10)
The inverse of M , where S =
∫
ψ¯Mψ, is found to be
SF (p) =
− i
a
∑
ν γν sin(apν) +m0
1
a2
∑
ν sin
2(apν) + (m0)2
(C.11)
We an see that in the ase of small momentum (long wavelength) limit, the
small angle approximation implies sin apν ≈ apν and we reover the ontin-
uum Eulidean propagator. However, in general this represents 8 speies of
fermion.
This "doubling problem" an be resolved by the staggered formulation.
In this way we an redue the number of speies by a fator of 4, whih
an therefore by interpreted as the physial avours [39℄. By making the
transformation:
ψx → γx11 γx22 γx33 χx ψ¯x → χ¯xγx33 γx22 γx11 (C.12)
so that ψ¯xγνψx±νˆ → ην(x)χ¯xχx±νˆ , where ην(x) = (−1)x1+...+xν+1, then the
ation, Eqn. (C.9), beomes:
S = a3
∑
x
[
χ¯x
∑
ν
{
ην(x)
(χx+νˆ − χx−νˆ)
2a
}
+m0χ¯xχx
]
(C.13)
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Now, M is in a reduible diagonal form, so disregarding all but one ompo-
nent of ν, we are left with the redued number of 2 quark speies.
Appendix D
Hybrid Moleular Dynamis Code
For the 2+1d Eulidean NJL model (in the Gor'kov basis), expetation values
of an observable O as a funtion of the bosoni eld onguration [Φ] are
given by:
〈O〉 ≡ Z−1
∫
DΦDΦ†O[Φ]
√
det 2A[Φ] exp−Sbos[Φ] (D.1)
where Z is the path integral (8.24). As in statistial physis, suh expe-
tation values an be alulated using Monte Carlo or moleular dynami
tehniques
1
. In the most basi form we an onsider that a statistial sample
{Φn;n = 1, 2, . . . , N} is used to approximate the full ensemble Φ; then the
average of O[Φ] is taken with respet to the randomly seleted ongura-
tion of elds. However, as
√
det 2A[Φ]e−Sbos[Φ] is highly peaked about ertain
ongurations, it is then used as an importane sampling weight.
In this work the expetation values were alulated using a hybrid mole-
ular dynamis ode [40℄, where the eld ongurations were evolved along
lassi trajetories with a time step of dt = 0.04. Then the expetation val-
ues, 〈O〉, were onduted using omplex Gaussian vetors (noisy estimators).
1
Where one evolves trajetories aording to a stohasti proess, the other evolves
them along lassi trajetories represented by Newton's laws
170
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This proess was arried out for 300 trajetories. Then the nal measurement
was obtained by taking the arithmeti average of the various instantaneous
values assumed by the HMD run.
As an example we an look at the hiral ondensate expetation value,
Eqn. (8.34). One a trajetory is omplete, and the end point is seleted as
the eld onguration, the program alls the measure subroutine. In this
part of the program a set of Gaussian vetors are dened as: ηpq , where
p = 1, . . . , 4 are the isospin omponents and q = 1, . . . , vol are the lattie
sites; and if we average over the noise we obtain:
ηp†q η
p′
q′ = δ
pp′δqq′ (D.2)
Using this we an estimate a value for the hiral ondensate. Starting with
the matrix multipliation:
η†A−1[Φ]
(
0 1
2
δ
−1
2
δ 0
)
η = η†X η (D.3)
We an then average over the noise, as before, and we obtain:
η†X η = X pp′qq′ δpp
′
δqq′ = tr
[
A−1[Φ]
(
0 1
2
δ
−1
2
δ 0
)]
(D.4)
This will then be the instantaneous value assumed by the HMD run. One
this is arried out for the 300 trajetories, we then nd their arithmeti av-
erage and error.
In this work we used an HMD ode for the 3D four-fermi model with SU(2)×
SU(2) symmetry, whih was based on the algorithm in [41℄.
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